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Pre-Leaving Certificate Examination, 2018

Mathematics

Higher Level — Paper 1
Marking Scheme (300 marks)

Structure of the Marking Scheme

Students’ responses are marked according to different scales, depending on the types of response anticipated.
Scaleslabelled A divide students’ responses into two categories (correct and incorrect).

Scales labelled B divide responses into three categories (correct, partially correct, and incorrect), and so on.
These scales and the marks that they generate are summarised in the following table:

Scale label A B C D
No. of categories 2 3 4 5
5 mark scale 0,2,5 0,2,4,5 0,2,34,5
10 mark scale 0,4,7,10 0,4,6,8,10
15 mark scale 0,59 12,15

A general descriptor of each point on each scaleis given below. More specific directionsin relation to interpreting
the scales in the context of each question are given in the scheme, where necessary.

Marking scales—level descriptors

A-scales (two categories)

. incorrect response (no credit)

. correct response (full credit)

B-scales (three categories)

. response of no substantial merit (no credit)
. partially correct response (partial credit)

. correct response (full credit)

C-scales (four categories)

. response of no substantial merit (no credit)
response with some merit (low partial credit)
almost correct response (high partia credit)
correct response (full credit)

response of no substantial merit (no credit)
response with some merit (low partial credit)
response about half-right (mid partial credit)
almost correct response (high partia credit)

D-scales (five categories)
. correct response (full credit)

In certain cases, typically involving @ incorrect rounding, ® omission of units, ® a misreading that does not
oversimplify the work or @ an arithmetical error that does not oversimplify the work, a mark that is one mark
below the full-credit mark may also be awarded. Such cases are flagged with an asterisk.

Thus, for example, scale 10C* indicates that 9 marks may be awarded.

. The* for unitsto be applied only if the student’ s answer is fully correct.

. The* to be applied once only within each section (a), (b), (¢), etc. of all questions.

. The* penalty is not applied for the omission of unitsin currency solutions.

Unless otherwise specified, accept correct answer with or without work shown.

Accept students' work in one part of aquestion for use in subsequent parts of the question, unless this
oversimplifies the work involved.
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Summary of Marks—2018 L C Maths (Higher Level, Paper 1)

Section A Section B
Q1 (a9 15D (0, 5, 9, 12, 15) Q7 (@ () 5C(0,2,4,5)
(b) 10D (0, 4, 6, 8, 10) (i) 5C*(0,2,4,5)
25 (iii)  10D* (0, 4, 6, 8, 10)

(iv) 5C(0,2, 4,5)
) () 5B(0 2 5)
i) 5B(0,25)

Q2 (@ () 10C(0, 4, 7,10) (i) 10D* (0, 4, 6, 8, 10)
(i) 10D (0, 4, 6, 8, 10) 45
(b) 5C (0, 2, 4, 5)
25

Q8 (@ () 5C(0,245)
(i) 10D (0, 4, 6, 8, 10)

Q3 (a) 10D (0, 4, 6, 8, 10) (i) 10D* (0, 4, 6, 8, 10)
(b) () 10D (0,4,86,8,10) (iv) 5C* (0,2, 4,5)
(i) 5C(0,2 4,5) () ()  10D* (0,4, 6,8, 10)
25 (i)  10C (0, 4, 7, 10)
(i) 5D (0,2,3,4,5)
55
Q4 (@ () 5C(0,245)
(i)  10D* (0, 4, 6, 8, 10)
(b) 10D* (0, 4, 6, 8, 10) Q9 (@ () 5B(,25)
25 (i) 5C(0,2 4,5)
(i) 5C (0,2, 4,5)
(iv) 5C(0,2 4,5)
() () 5C(0,24,5)
Q5 (a) 10D (0, 4, 6, 8, 10) (i) 5C(0,2 4,5)
(b) 5C (0, 2, 4, 5) (i) 10D (0, 4, 6, 8, 10)
© 10D (0, 4, 6, 8, 10) (iv) 5C(0,2,4,5)
25 (v) 5C(0,2,4,5)
50
Q6 (@ () 10C(0,4,7 10)
(i) 5C(0,2, 4,5)
(b) 10D (0, 4, 6, 8, 10)
25

Current Marking Scheme

Assumptions about these marking schemes on the basis of past SEC marking schemes should be avoided. While the
underlying assessment principles remain the same, the exact details of the marking of a particular type of question may
vary from asimilar question asked by the SEC in previous years in accordance with the contribution of that question

to the overall examination in the current year. In setting these marking schemes, we have strived to determine how

best to ensure the fair and accurate assessment of students’ work and to ensure consistency in the standard of assessment
from year to year. Therefore, aspects of the structure, detail and application of the marking schemes for these
examinations are subject to change from past SEC marking schemes and from one year to the next without notice.

Copyright

All rightsreserved. This marking scheme and corresponding papers(s) are protected by Irish (EU) copyright law.
Reproduction and distribution of these materials or any portion thereof without the written permission of the publisher
is prohibited except for the immediate use within a classroom.
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exams

Pre-Leaving Certificate Examination, 2018

Mathematics

Higher Level — Paper 1
Marking Scheme (300 marks)

General Instructions

There are two sections in this examination paper.

Section A Concepts and Skills 150 marks 6 questions
Section B Contexts and Applications 150 marks 3 questions

Answer all nine questions.
Markswill belost if al necessary work is not clearly shown.
Answers should include the appropriate units of measurement, where relevant.

Answers should be given in simplest form, where relevant.

Section A Concepts and Skills 150 marks

Answer all six questions from this section.

Question 1 (25 marks)
1(@) Solvethe simultaneous equations: (15D)
o + % ~ 27 = 8 (x2
xX,y, 2 = 0 (x18)
2 3 9
x_y + 2 = Z (x 24)
6 4 12 8
= X+ y— 4z = 16 . @
9x + 6y +10z = 0 .. @
AX—-6y+ 2z = 21 .0
Equating @ and @:
@ 9x + 6y + 10z = 0
(€) IAx—6y+ 2z = 21
13x + 12z = 21 .. ®
Equating @ and ®:
O] Idx+ y— 4z = 16 (% 6)
(€) 4dx—6y+ 2z = 21 (x 1)
= 24x + 6y — 24z = 96
4dx—6y+ 2z = 21
28x - 22z = 117 .. ®
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2018 LC Maths[HL] — Paper 1

Question 1 (cont’d.)

1@ (cont'd.)

Equating @ and ®:

@ 13x+ 12z = 21 (x 11)
® 28x— 22z = 117 (x 6)
= 143x + 132z = 231

168x — 132z = 702
311x = 933
= X = 3
Substituting into @:
@ 13x +12z = 21
= 13(3) + 12z = 21
= 12z = 21-39
= -18
3
= z —
2
Substituting into ©:
O] Ix+ y—4z = 16
= 4Q3)+y- 4(—2) = 16
= y = 16-12-6
= -2

Scale 15D (0, 5, 9, 12, 15) | Low partia credit: (5 marks)

Any relevant first step, e.g. eliminates
fractionsin at least one equation.

Mid partial credit: (9 marks) Finds correctly one equation with two

variables, e.g. 13x + 12z = 21.

High partial credit: (12 marks) Finds correctly two equations with the
same two variables, eg. 13x + 12z=21
and 28x — 22z =117, but failsto finish
or finishesincorrectly.

—  Findsonevariable (x, y or 2) only.
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Question 1 (cont’d.)

2018 LC Maths[HL] — Paper 1

1(b) If (x+ a)®isafactor of 10x® + 21ax® + 20abx + 25a, where a and b are non-zero constants,
find the possible values of a and b.

(1]
-
-
=
also
=
=
=
or
(2]
=
=
N
=
=
X:
=
=
=
=
constants;
=
=
=
-

Scale 10D (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 6/80

(x +a)? =
10x + a

X2 + 2ax + a2

X2+ 2ax+a’) 10x° + 21ax’ + 20abx
—10x° — 20ax® — 102’

ax® + x(20ab — 10a%) + 25a

—ax® — 2a’x

as (x + a)? isafactor, = remainder = 0
3

a = 25a
a’ = 25
a = 50 -5
2a’ =
2a =
20b = 12a
b = Ea
5
3
b = —=(5
5( )
= 3
(x+a)?

(x* + 2ax + a?)(10x + c)

10x3 + 20ax? + 10ax + cx? + 2acx + a’c

Comparing terms:

20a+c = 2la
2la—20a = c
a = C
10a2 + 2ac = 20ab
10a” + 2a(a) = 20ab
10a + 2a = 20b
20b = 12a
b = §a
5
a’c = 25a
a’(a) = 25a
a’ = 25
a = 50 -5
3
b = =5
5( )
= 3

20ab — 10a°
20b —10a

(10D)
+ 25a
— a3
0
3
b = >(-5
5( )
= -3
= X2 + 2ax + a°
= 10x% + 21ax? + 20abx + 25a
= 10x3 + 21ax? + 20abx + 25a
3
b = 2(-5
5( )
= -3

Low partial credit: (4 marks)

Any relevant correct step, e.g. some correct
division in dividing x* + 2ax + a® into
equation or some correct multiplication
of (x* + 2ax + a?)(10x + c).

Writes down 2x — 1 is afactor of equation
and attemptsto divide.

Mid partia credit: (6 marks)

Fully correct division or multiplication,
but fails to progress.

High partial credit: (8 marks)

Findsa=+50rb= ga, but failsto find
a and b (both values) [Method @].
Findsa=candb= ga, but failsto find

a and b (both values) [Method @].

Page 6 of 79
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2018 LC Maths[HL] — Paper 1

Question 2 (25 marks)
2) z= —% —%i isacomplex number, wherei? = —1.
) Write z in polar form. (100)
—l—ﬁi = r(cosf +isinb)
2 2
o = |z]
SR (S
2 2
1 3
= Ja— + J—
4 4
= 1
= 1
3 AIm
e tana = 2 f/ E
1 Re
2 5 a
- 3
- 3 =
= a = tan‘1\/§ i
= L or 60° 2
3
= 0 = T+— or 0 = 180° + 60°
) 4 = 240
3
—l—ﬁi = r(cosf +isind)
2 2
= 1(cosﬂ +i sinﬂ)
3 3
= cosA'—,;E+isin4—:;t or €0s240° +isin240°

Scale 10C (0, 4, 7, 10)

2018.1 L.17/20_MS 7/80

2T, . . 2n
or cos(——)+isin(—
or (3) (3)

or cos(—120°) +isin(-120°)

Low partia credit: (4 marks) -

Any relevant first step, e.g. writes down
relevant formulato express a complex
number in polar form.

Finds correct r or « (reference angle).
Plots z correctly on an Argand diagram.

High partial credit: (7 marks) -

Finds correct values for both r and 6,

but fails to finish or finishes incorrectly.
Finds correct values for both r and a
(reference angle), but complex number
in wrong quadrant and finishes correctly.

Page 7 of 79
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2018 LC Maths[HL] — Paper 1
Question 2 (cont’d.)
2(a) (cont'd.)
(i)  Hence, find the four complex numbers w such that w* = z.
Give your answersin rectangular form. (10D)

W4

Forn=

Wy

Forn=

Forn=

W3

0

1

2

Forn=3

z
47

4T . .
cos— +isin—
3 3
cos(4—;E +2nm) +i sin(A'—;c + 2nm)
1
[cos(4—1t +2nm) + isin(ﬂ +2nm)]4
COS(ﬂ‘Fﬂ) sn(ﬂ+ﬂ)
12 12

y nm
cos(= +—) +isn(Z +—
(3 2) (3 >)

n_ (Or O)r
cos(— + +isin(= +
(3 ) ) ( > -—)
.. T
cos— +isin—
3 3
i+£|
2 2
T ()n DOr
cos(= + +isin(= +
(3 =) ( 5 =)
5t 5n
cos— +isin—
6 6
_ﬁ-pli
2
T, (9n (r
cos(— + +isin(=+
(3 5 ) ( 5 )
4t . . 4n
cos— +isin—
3
143,
2 2
cos(E+ Oy 4 ign @+ 3T
3 2 3 2
11x 11n
COS—/— +isin—
6 6
31,
2 2

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks)

4 1 4
w =4z orz* orw'=cos—

Any relevant first step, e.g. writes down

4rt

+|sm—

3

—  Writesdown zin general polar form,

iez= cos(“'—:;t +2nm) +i sin(A'—:;E + 2nm).

2018.1 L.17/20_MS 8/80
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Question 2 (cont’d.)

2018 LC Maths[HL] — Paper 1

2(a) (i) (cont'd.)

Mid partial credit: (6 marks) De Moivre' s Theorem applied correctly

withn= % but failsto progress,
T .. T
eg.w= cosg + |sm§ and stops.

—  Finds correct general term for w, but fails
to subgtituten =0, 1, 2, 3 into expression,

. T nE,,.. M NN
i.eew=cos(—=+—)+isn(=+—)
3 2 3 2

and stops or continues incorrectly.

High partial credit: (8 marks) Findsfirst root, w, = cos% + ising or

3

% + 7i correctly from general polar

form, but failsto find or finds incorrect
other roots.

—  Findsall rootsin polar form, but failsto
convert or convertsincorrectly to
rectangular form.

—  Substantive work towards finding all four
roots with one error/omission.

2(b) Use De Moivre's Theorem to prove that sin30 = 3sinf — 4sin’6. (5C)

Scale5C (0, 2, 4, 5)

2018.1 L.17/20_MS 9/80

Consider (cosf + i sinb)®

(cosh +ising)® = cos30 +isin30 ... De Moivre' s Theorem
Expanding (cosb + i sing)?

(cosf + i sinb)? = c0s®@ + 3(cos?0)(i sinb) + 3(cosh)(i sinh)* + (i sinb)*
[cos®0 — 3cosh sin?6] + i[3cos?h sinf —sin6]

Equating the imaginary parts

sin30 3cos’Asing —sin*6
3(1-sin?h)sing —sin®9
3sinf —3sin®0 —sin®0
3sind —4sin®0

Low partial credit: (2 marks) Any relevant first step, e.g. writes down
(cosf +isinb)® = cos34 +isin3

and stops.

—  Expands (cosé + i sinf)® correctly

and stops.

High partial credit: (4 marks) Finds both expansionsfor (cosf + i sing)®
correctly and equates imaginary parts,
but fails to finish or finishes incorrectly.
—  Substantive work towards finding sin36,

but with one error/omission.
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2018 LC Maths[HL] —Paper 1 |

Question 3 (25 marks)
3(a) Solvetheequation 3**2—-28(3") +3=0. [Hint: Let y = 3¥] (10D)
Lety=3"
= 32X +2 - 3X +X+2
= (39(39(3%)
= (Y)(V)(9)
= 9y2
3**2_28(3)+3 = 0
= 9y?—28y +3 = 0
=  (y-D(y-3 = 0
= 9y-1 = 0 = y-3 = 0
= 9y = 1 = y = 3
1
= = =
y 9
= \Y = 3 . y - ¥
= 1 = 3
9 = 3 = 3
— 1
= 3 = 1 : 3
9 = X = 1
= 3_2
= X = —2

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks) Any relevant first step, e.g. writes down

3%*2=(3%)(3?%), (3")(3")(3?) or similar.

—  Finds3**2=9y? correctly and stops
or continues incorrectly.

Mid partia credit: (6 marks)

Substitutesy correctly into quadratic egn.
and finds correct factors of equation
[ans. (9y —1)(y—3) =0].

Finds two correct valuesfor y, but fails
to find both corresponding values for x
or finds incorrect values for x.

—  Finds one correct value for y and finds
correct corresponding value for x.

High partial credit: (8 marks)

DEB
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Question 3 (cont’d.)

2018 LC Maths[HL] — Paper 1

3(b) ()

12+22+3%+...+n?is

(1]
(2]

=
(3]

=
(4]

=

Scale 10D (0, 4, 6, 8, 10)

2018.1L.17/20_MS 11/80

n(n +H(2n + 1)
I

P(n):
+22+3%+...+n?

P(2):
Test hypothesisforn=1
12

Trueforn=1

P(K):

Assume hypothesisfor n = kistrue

P+22+3F+.. +K

P(k + 1):

Test hypothesisforn=k + 1
To Prove:

1PP+22+3F+ . +K+(k+1)7°

Proof:
Consider LHS:

PP+22+3F+ .+ K+ (k+1)>

Trueforn=k+1

So, P(k + 1) istrue whenever P(K) istrue.

Prove by induction that the sum of the squares of thefirst n natural numbers,

(10D)

n(n+1)(2n +1)
6

11+ 12D +1)
6
123
6

R olo

k(k + (2K + 1)
6

(k + D(k + 2)(2K + 3)
6

K DK D g
6

k(k + D(2k +1) + 6(k + 1)?

6
(K + D[K(2K + 1) + 6(k + )]

6
(K + D[2k? + 7k + 6]

6
(k + D(k + 2)(2k + 3)

6

RHS

Since P(1) istrue, then by induction P(n) is true for any positive integer n/ all n e N.

Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
correctly P(1) step and stops.

Mid partia credit: (6 marks)

Writes down correctly P(1) and P(K)
or P(k + 1) steps.

High partia credit: (8 marks)

Writes down correctly P(1) step and P(K)
and uses P(K) to prove P(k + 1) step, but
failsto finish or finishesincorrectly.
Writes down all steps correctly, but no
conclusion or incorrect conclusion given.

Page 11 of 79
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Question 3 (cont’d.)

2018 LC Maths[HL] — Paper 1

3(b) (cont’d.)

(ii)  Hence, or otherwise, evaluate the sum of the sgquares of all the natural numbers
from 30 to 60, inclusive.

=

Scale 5C (0, 2, 4, 5)

2018.1L.17/20_MS 12/80

12+22+3%+...+n?

30%+ 312+ 332+ ... +60°

(5C)
nin+2Y(2n+1
6

S0~ S0
60(60 + )(120 +1) _ 29(29 + 1)(58 + 1)
6 6
60(61)(121) _ 29(30)(59)
6 6

442860 51,330

6 6
73,810 — 8,555
65,255

Low partial credit: (2 marks)

Any relevant first step, e.g. writes down
‘sum=S;y— S, or similar.

[Do not accept ‘sum = Sy — Sy’ ]
Correct substitution into formulafrom
part (b)(i) using n =29, 30 or 60.

High partial credit: (4 marks)

Correct substitution into formula using
n =29 and 60, but fails to evaluate or
evaluates incorrectly.

Incorrect substitution into formula using
n = 30, but otherwise finishes correctly
[ans. 73,810 — 9,455 = 64,355].

Page 12 of 79
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Question 4 (25 marks)
Dan and Kate plan to buy a house which costs €250,000. In order to get a mortgage on the property,
the couple need to save a deposit of 10% of the purchase price. They open a savings account in their
local Credit Union which offers an annual equivalent rate (AER) of 3-5%.
4@ (i) Show that the rate of interest, compounded monthly, which is equivalent to an AER
of 3-5% is 0-287%, correct to three decimal places. (5C)
r = annual equivalent rate (AER)
i = monthly percentage rate
F = P +r)
= P(1+i)
= 1(1+r) = 11 +i)
=  1(1+0-035) = 11 +i)*
= 1.035 = (1+i)*
1
= 1+i = (10312
= i = 1.002870898... — 1
= 0-002870898...
= r = 0-2870898...%
= 0-287%
Scale5C (0, 2, 4, 5) Low partial credit: (2 marks) —  Anyrelevant first step, e.g. writes down

2018.1L.17/20_MS 13/80

correct formulaF = P(1 + i)' and stops.
—  Some correct substitution into correct
formula (not stated) and stops or continues.
—  Correct substitution into incorrect formula

and stops or continues.

High partial credit: (4 marks)

Fully correct substitution into formula, i.e.

1(1 +0-035) = 1(1 +i)* or equivalent,
but failsto find or finds incorrect rate.
—  Final answer not given as a percentage,

i.e.r =0-002870898...

Page 13 of 79
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Question 4 (cont’d.)

2018 LC Maths[HL] — Paper 1

4(a) (cont'd.)

(i)  Dan and Kate decide to put €500 in the savings account at the beginning of each month.
How long will it take them to save up the deposit for the house? Give your answer
in months, correct to the nearest month.

=

Scale 10D* (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 14/80

Depositrequired =

(10D*)

10% of 250,000
250,000 x —
100

€25,000

Value of savingsinstalments after n months

P(L+i)!

500(1 + 0-00287)"
500(1-00287)"

Instalment (€)

Value of instalment
after n months

500

500(1-00287)"

500

500(1-00287)"~*

500

500(1-00287)" 2

t

500

500(1-00287)*

Geometric series with a = 500(1-00287) and r = 1-00287

S

25,000

1.00287" -1

1.00287"

n

all-r")
1-r

500(1-00287)(L — 1:00287")

1-1.00287

—174,716-027874...(1 — 1-00287")
174,716-027874...(1-00287" — 1)

25,000

174,716.027874...
0-143089333...
0-143089333... + 1
1-143089333...

1001, 00267 (1+143089333...)

46-664235...
47 months

it will take Dan and Kate 47 months to save up the deposit

Low partial credit: (4 marks) -

Any relevant first step, e.g. reference

to value of first instalment or subsequent
instalments after n months

= 500(1-00287)", where 1 < n < 60.
Finds deposit required [ans. 25,000].
Recognises value of savings instalments
after n months as a sum of a GP with
some correct substitution into S, formula.

Mid partia credit: (6 marks) -

Fully correct substitution into S, formula,
but fails to progress.

High partial credit: (8 marks)

Substantive work towards finding value
of nwith one error/omission or equation
inn (nno longer an index).

* Deduct 1 mark off correct answer only if not rounded or incorrectly rounded
- apply only once to each section (), (b), (c), etc. of question.
* No deduction applied for the omission of or incorrect use of units (* months’).
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2018 LC Maths[HL] — Paper 1

Question 4 (cont’d.)

4(b) After saving for three years, Dan and Kate find the perfect house. They decide to borrow the
remainder of the deposit at a monthly interest rate of 0-425%, fixed for the term of the loan.
The loanisto be repaid in equal monthly repayments over five years and the first repayment
is due one month after the loan isissued. Calculate the amount of each monthly repayment,

correct to the nearest cent. (10D*)
(1] Value of savings instalments after 36 months
#instalments = 3x12
= 36
F = P(1+i)"
= 500(1 + 0-00287)"

500(1-00287)"

Value of instalment
Month | Instalment (€) after 36 months
1 500 500(1-00287)%
2 500 500(1-00287)*
3 500 500(1-00287)*
36 500 500(1-00287)*

= Geometric serieswith n = 36, a = 500(1-00287) and r = 1-00287
all-r")

S 1-r
500(1:00287)(1 — 10028736
. s, _ ( ) )
1-1.00287
= 18,988-506021....
= €18,988-51
(2] Remainder of deposit:
Remainder = 25,000 — 18,988-51
= €6,011-49
(3] Monthly repayments:
@ Sum of geometric series:
# repayments = 12x5
= 60
= P(L+i)
f— P = Lt
@+
i = 0-00425
X = fixed monthly repayment
(1+ 0-00425)t
X
1.00425!
Month Present value Future
of future repayment (P) repayment (F)
X
1 1.00425! X
2 X X
1.004252
60 X X
10042550

DEB
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Question 4 (cont’d.)

2018 LC Maths[HL] — Paper 1

4(b) (cont'd.)

Uy

Scale 10D* (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 16/80

Geometric serieswithn =60, a=

S

S0

52.862274...X
X

Amortisation:

A

n

N

X 1
————andr=——
1:00425 1.00425
all-r")

1-r

X 1
1 —
1. 00425[ 1-00425% j
-1
1-00425
X (0-223713...)
0-004232...
52:862274...X
6,011-49

6,011:49
113-719851...
€113.72

i@+i)
L+i)-1

12x5

60 months

0-00425

6,011-49

fixed monthly repayment

6,011-49(0-00425)(1 + 0-00425)5°
(1+ 0-00425)%° -1

6,011-49(0-00425)(1:00425) %0
(1:00425)%° —1

113-719851...

€113.72

Low partial credit: (4 marks)

Any relevant first step, e.g. finds correct
#instalments [ans. 3 x 12 = 36] and/or
#repayments[ans. 5 x 12 = 60].
Recognises value of savings instalments
after 36 months as a sum of a GP with
some correct substitution into S, formula.

Mid partia credit: (6 marks)

Finds correct value of savings instalments
after 36 months (S;g) [ans. €18,988-51] or
remainder of deposit [€6,011-49].
Recognises sum of future repayments

as asum of a GP with some correct
substitution into S, formula.

Writes down correct relevant formula

for amortisation with some correct
substitution into formula.

High partial credit: (8 marks)

Fully correct substitution into S, or
amortisation formula, but failsto finish
or finishesincorrectly.

* Deduct 1 mark off correct answer only if not rounded or incorrectly rounded
- apply only once to each section (a), (b), (c), etc. of question.
* No deduction applied for the omission of or incorrect use of unitsin questions

involving currency.
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Question 5

2018 LC Maths[HL] — Paper 1

(25 marks)

The diagram shows part of the graph of a cubic function f(x), where x € R.

A
54

4+

T\

5(a) Find the equation of f(x).

From the graph, the roots of f(x) are

x=-0-5 x=1 and x=3

= f(x)

w

From the graph, f(0)

= f(X) :_

= f(0) =

= k(1-5) ; 3
= k = 2
= f(x)

(10D)

k(x+ 0-5)(x—1)(x—3)
K(x + 0-5)(x* — 4x + 3)
K(x®—4x° + 3x + 0-5x* — 2x + 1.5)
k(x®—3-5x* + x + 1.5)

k(x®—3-5x* + x + 1.5)
k(0*-3-5(0)+ 0 + 1.5)
3

2(x*-3:5x* + x + 1.5)
23 —7x%+2x+3

Scale 10D (0, 4, 6, 8, 10) Low partia credit: (4 marks)

Any relevant first step, e.g. writes down
all three correct roots of f(x),
i.e.x=-0-5x=1and x = 3 and stops.
Finds at least two correct factors of f(X),
i.e.x+050r2x+1,x—1andx—3.
Usesgraph to find f(0) = 3.

Mid partia credit: (6 marks)

Finds f(X) = k(x + 0-5)(x — 1)(x—3),
but fails to progress.

High partial credit: (8 marks)

Finds f(x) = k(x® —3-5x* + x + 1-5),
but fails to find correct value of k.
Finds f(x) = 2x° — 7x? + 2x + 3 without
referenceto f(0) = 3.

2018.1 L.17/20_MS 17/80 Page 17 of 79
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Question 5 (cont’d.)

| 2018LC Maths[HL] —Paper 1 |

5(b) On the diagram above, draw the graph of the function g(x) = 2 —f(x), where x € R. (5C)
(1] Graphical
i _ty e o N
T ® I @
A /0 \
\‘\ ‘\ 4+ W // \\
L V=0 \
\\\ \\ 27 /// , a2 \\ ‘\
| ‘\ \\ /7 /// | \\\ \ | X‘
-1 Nl LA 2 v 4
\\_\-\2 1 \\\ \\
\\\\ - ‘\\ ‘
4+ \\\ \\
L eW=2-/0
6 ‘\ \\
\\ \
N

8T 0
or
e Calculation

= f(x = 23 -7x%+2x+3 ... answer from part (b)
9(x) 2-1(x)

Substituting values into g(x)

Points

2—(23-7x+2x+23)
2-23+7x*—2x-3
23+ T2 —-2x—1

(-1, 10), (0,-1), (1, 2), (2, 7)., (3, 2), (4, —25)

Scale 5C (0, 2, 4, 5)

Low partial credit: (2 marks)

Any relevant first step, e.g. draws graph
or sketches graph of —f (X) on diagram.
Finds correct equation of g(x) = 2 —f(x),
i.e g(x) =2+ 7x*—2x—1.

High partial credit: (4 marks)

Draws correct shape of g(x), but graph
does not pass clearly through (—0-5, 2),

2018.1L.17/20_MS 18/80
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Question 5 (cont’d.)

5(c) Useintegration to find the average value of g(x) over theinterval 0< x< 3, xe R. (10D)
Average value of g(x) in the interval [a, b]
b

_1
b-a

g(x) dx

2—f(x)

2-[23 -7+ 2x+ 3]
2+ —2x+2-3
23+ 7 -2x—1

a(x)

=  Averagevaueof g(x)
3

= 3—10 (23 + 7x* = 2x— 1) dx
0
4 3 2 3
= }[_2)(_+7i_ X__X]
3 4 3 2 0
1. 2,00, 7,03 2,0
= Z[-=2@*+=0)°-=(3*-3
3[4() 3() 2() ]
- %[_%1+63—9—3]
= %[—40-5+51]
1
=  Z[105
3[ ]
= 35

**  Accept students' answersfor f(x) from part (a) if not oversimplified.

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks) —  Anyrelevant first step, e.g. writes down
relevant formulafor the average value
of afunction.

—  Formulatesintegral (with correct limits),

3
ie. %J‘ (23 + 7%= 2x—1) dx.
0

—  Integrates one term correctly.

Mid partial credit: (6 marks)

Integrates all terms correctly, but omits

from formulafor average value
and attempts to evaluate.

—  Correct integration to find average value

1o x* _x3 %2 3
of g(x),i.e =[2—+7—-2——-X]| ,
9% 3[ 4 3 2 | 0

but failsto evaluate or evaluates incorrectly
or evaluates using incorrect limits.

High partial credit: (8 marks)

Correct integration to find average value
of g(x) with full substitution of limits,
i.e

%[-%(3)4 + 2(3)3 - %(3)2 —3] or similar,

but failsto evaluate or evaluatesincorrectly.

DEB
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Question 6 (25 marks)
6(a) Let f(x)=1In /ii,forx>1, wherex e R,
X_
0) Use therules of logarithmsto find f’(x), the derivative of f(X).
Give your answer in the form > Wherea e Z. (10C)
X+1
f(X = In [—
() 1
1
_ (x+1J2
= In| —=
x-1
= =[In(x+1) —In(x—1)]
1.1 1
(X = [
- ) 2[x+1 x—1]
_ x-1-(x+1)
2(x+D(x—-1)
- _=2
2(x?—1)
_ -1
x?-1
_ 1
1- x?

Scale 10C (0, 4, 7, 10)

2018.1 L.17/20_MS 20/80

Low partial credit: (4 marks) -

Any relevant first step, e.g. usesrules
1

2
of logarithmsto find In[X—Jrﬂ or
X —_

%[In(x+ 1) —In(x-21)].

Differentiates one term correctly.

High partial credit: (7 marks)

Differentiates f (x) correctly,

e (%) :%[%1_%]’ but fails
X X —

to find answer in required form.
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Question 6 (cont’d.)

2018 LC Maths[HL] — Paper 1

6(a) (cont'd.)

(i)  Hence, find the co-ordinates of the point at which the slope of the tangent to the
curvey = f(X) ispardle tothelinex+3y—1=0.

Scale5C (0, 2, 4, 5)

2018.1 L.17/20_MS 21/80

U

U

Uy

U

Slope, m = f/(X)
1

1-x2

(5C)

Slope of tangent parallel tolinex+3y—-1=0

X+3y—-1 = 0
3y = —xX+1
y !
3 3
y = mx +c
1
m = -
3
1 |
- x? 3
—X2 = -3
-2 = -3-1
= -4
X = 4
X = +2
X = 2 asx>1
X+1
f(X = In |[—=
) 1
@x=2
2+1
f(2 = In |——
2 71
\F
= In.[—=
1
1
= In«/§ or Eln3
Co-ordinates = (2, In\/§)

Low partial credit: (2 marks) -

Any relevant first step, e.g. writes down
correct relevant formula for the equation
of aline.

High partial credit: (4 marks)

Findsm= L or f'(x) = —1, but fails
3 3
to progress.
Correctly equates f’(x) = 1 _1
1-x2 3

and finds correct valug(s) of x co-ordinate
[accept £2], but failsto find or finds
incorrect value of y co-ordinate.
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Question 6 (cont’d.)

2018 LC Maths[HL] — Paper 1

6(b)

Luudy

Scale 10D (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 22/80

Find the co-ordinates of the point of inflection of the curvey =

@ point of inflection

d?y _
dx?
2(2x + 2)e* ! =
2x+2 =
2X =
X =
y =
@x=-1
y =
Co-ordinates =

X+1

@2—Xx :

Xex+l
-X

Xex+l—(2—x)

X+1-2+x

X€e
Xer— 1

A RICRPR e
X () + (1)
(2x+1)e*

@x+ D@+ (@) (x+ )

2+ )(E* N2 + Q)
2(2x+ 1+ 1)e*t
2(2x + 2)e>~*

1
L-%)

(10D)

Low partial credit: (4 marks)

d?y

Any relevant first step, e.g. writes down

—— =0 at point of inflection and stops.

dx?

—  Findscorrectly y = xe*~ .

—  Differentiates one term correctly.

Mid partial credit: (6 marks)

but fails to progress.

2

—  Finds dy and d—Z
dx dx

equated to zero.

Fi nds% correctly (simplified or not),
X

correctly, but not

High partial credit: (8 marks)

2

dx?

Finds both % and M correctly and
X

equates to zero, but failsto finish fully,
e.g. finds correct value of x co-ordinate,
but failsto find or finds incorrect value

of y co-ordinate.
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Section B Contexts and Applications 150 marks
Answer all three questions from this section.
Question 7 (45 marks)

7(a) Thediagram showsaright circular cone of radius 9 cm
and height 15 cm. A smaller inverted cone of height h
and radiusr isinscribed within the larger cone.

(i) Using similar triangles, or otherwise, show that

Scale5C (0, 2, 4, 5)

h

U

U

uusdudy

45 — 5r
=, 5C
3 (5C)
Diameter of cone = 18 cm
Radius of cone = 9cm

AVOP and AVCQ are equiangular / similar

15cm

18 cm

... as both As have common angle ¢,

9 _ r 90° angles and hence, the third
15 - 15— h anglesin both As are equal
9(15-h) = 15r
3(15-h) = 5r
45-3h = or

3h = 45 —5r
h 45 - 5r
3
Low partial credit: (2 marks) — Anyrelevant first step, e.g. identifies

one pair of corresponding sides or
. 9
writesdown tana = —.
15

—  Explainswhy triangles are similar.

High partial credit: (4 marks)

Finds— = — put fails to finish

or finish incorrectly.

9
15 15-h

(i)  Expressthe volume of the smaller cone, interms of wand r, in its simplest form. (5C*)
1
Vsma” = §T5r2h

Scale 5C* (0, 2, 4, 5)

2018.1 L.17/20_MS 23/80

1 2( 45 — 5r J
= —Tr

3 3

7r 2(45 — 5r) P

45mr2—5mr3 4
o —————cm

Low partial credit: (2 marks) —  Anyrelevant first step, e.g. writes down
correct formulafor the volume of a cone.

High partial credit: (4 marks) —  Substitutes fully correctly into volume
formula, i.e. Vgna = %nrz( 45 ; o j but

failsto finish or finishesincorrectly.

* Deduct 1 mark off correct answer only for the omission of or incorrect use of
units (‘cm™) - apply only once to each section (a), (b), (), etc. of question.
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Question 7 (cont’d.)

2018 LC Maths[HL] — Paper 1

7(a) (cont'd.)

(iii)

b 44 U

Scale 10D* (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 24/80

Find the maximum volume of the smaller cone, in terms of =. (10D*)
2_ 3
Vamal = M ... answer from part (a)(ii)
av _ d ( 45nr?—5mr3
dr dr 9
_ 90nr — 15mr 2
9

Maximum volume when ((jj—v =0
r

90nr —15mr? _
Jont o = 0
9
90nr — 15mr? = 0
15mr? = 90nr
90
r = ==
15
= 6cm
4571 2— Bpr 3
Varal = Somr T~ onr -
9
_ 451(6)? — 51(6)°
Vemall (max) = 9
_ 1,620m - 1,080n
9
_ 540r
9
= 60m cm®

* %

Accept students' answers from part (8)(ii) for Vanar if not oversimplified.

Low partial credit: (4 marks) —  Anyrelevant first step, e.g. writes down

‘Maximum volume when (jj—v =0.
r

—  Differentiates one term correctly.

Mid partidl credit: (6 marks) Differentiates correctly to find ?j_\r/ but

failsto progress.

High partial credit: (8 marks) Finds correct value of r, but failsto find
or finds incorrect value for Vanai max)-
—  Finds correct Vanai (max, but not in

required form.

* Deduct 1 mark off correct answer only for the omission of or incorrect use of
units (‘cm™) - apply only once to each section (a), (b), (c), etc. of question.
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Question 7 (cont’d.)

2018 LC Maths[HL] — Paper 1

7(a) (cont'd.)

(iv)  What fraction of the larger cone is unoccupied?

Scale 5C (0, 2, 4, 5)

2018.1 L.17/20_MS 25/80

1
Vcone = §T|:r 2h

Vierge = %n(g)z(ls)

1,215n
3
4051t

60r
405r — 60rt
3451 cm®

Fraction of the larger cone unoccupied

Vemall (max)
V olume unoccupied

(5C)

... answer from part (a)(iii)

**  Accept students answers from part (a)(iii) for Vemai max) if not oversimplified.

Low partial credit: (2 marks) -

Any relevant first step, e.g. writes down
correct formula for the volume of a cone
with some correct substitution.

Finds correct value for V)age.

High partial credit: (4 marks)

Finds correct value of volume unoccupied,
[ans. 345n], but failsto finish or finishes
incorrectly.

Finds fraction of larger cone occupied
[ans. %], but fails to finish or finishes

. . 4 23
incorrectly,ie. 1——= —.
27 27
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Question 7 (cont’d.)

7(b) A motorised winch is used to pull aboat into its berth position. The winch cable
is attached to the bow (B) of the boat, as shown. The winch (W) islocated
on the quay 3 m above the bow of the boat and | ZWOB| is 90°.
The winch operates at a constant speed of 0-5 m/s.

) Let | be the length of the winch cable, | WB|.

Find x, the distance of the boat from the quay wall, in terms of I. (5B)
Using Pythagoras' theorem
|Hyp[? = |Oppf+|Adif
|WB| = I
|OB]| = X
|[WO| = 3
= |? = X2+ (3)?
= X = 1?-9
1
= X = JI2=9 or (12-9)2 or (12-9)°°
Scale5B (0, 2, 5) Partial credit: (2 marks) —  Substitutes correctly into Pythagoras
theorem, i.e. |2 =x? + (3) but failsto
isolate or isolates x incorrectly.
(i)  Findtherate of change of x with respect to . (5B)
= X = 12-9 ... answer from part (b)(i)
1
dx d >
- = —(12-9)2
d d ( )
1 1
= Z(1%-9 22
2( ) 2(20)
_ I
12-9

**  Accept students' answers from part (b)(i) for x if not oversimplified.

Scale 5B (0, 2, 5) Partia credit: (2 marks) —  Some correct relevant differentiation,
1
but incomplete, e.g. % = %(I 2_9) 2,

n 1 1
E(|2—9)2(2|)Q(|2—9) 2(2).

DEB
2018.1 L.17/20_MS 26/80 Page 26 of 79 exams



Question 7 (cont’d.)

2018 LC Maths[HL] — Paper 1

7(b) (cont'd.)

(iii)  Hence, find the speed at which the boat is approaching the quay wall when the length
of thewinch cableis 13 m.

Scale 10D* (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 27/80

d
dt
X
dx
d

ox
ot
dx
ot

@1=13
dx

at

n n

(10D*)
0-5m/s

... answer from part (b)(ii)

13

2,/(13)2-9

13
2,/169 - 9

13

24160
13J10
80
0-513870...
0-51m/s or 0-514m/s or 0-5139 m/s

**  Accept students' answers from part (b)(ii) for % if not oversimplified.

Low partial credit: (4 marks) —  Any relevant first step, e.g. writes down

d dx _dx _d -
— =050 — = — x — or Similar.
dt da d dt

—  Mentionsarelevant rate of change,

i.e % and/or % and/or ﬂ
dt dl dt

Mid partia credit: (6 marks)

. dx | |
Finds — = x0-50r —,
d  Ji2—9 2,/12-9

but fails to progress.

High partial credit: (8 marks)

Finds % = 13

dt  2,/(132-9

evaluate or evaluates incorrectly.

, but failsto

* Deduct 1 mark off correct answer only @ if final answer is not rounded or
incorrectly rounded or @ for the omission of or incorrect use of units (‘m/s’)
- apply only once to each section (), (b), (c), etc. of question.
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(55 marks)

8(a)

2018.1 L.17/20_MS 28/80

In the 100-metre race, sprinterstypically reach their top speed
about halfway through the race and try to maintain that speed

for aslong as possible.

A student analysed a sprinter’ s performance over the course

of aparticular race and determined that the speed of the
sprinter can be approximated by the following model:

0, 0<t<015
v(t) = 1—0-6t2 + 5.4t — k,

11:3535, t=45

015<t<45

where v is the speed in metres per second, t is the time in seconds from the starting signal

and k is a constant.

(i) Find the value of k.

Consider 0-15<t<4.5
v(t)

@t=45

v(4-5)

—0-6(4-5)* + 5-4(4-5) —k
k

Y

(5C)
—0-6t? + 5-4t —k

—0-6(4-5)? + 5-4(4-5) —k
11-3535

11-3535

—0-6(4-5)? + 5-4(4-5) — 11-3535
—12-15+ 24-3-11-3535
0-7965

Scale5C (0, 2, 4, 5) Low partial credit: (2 marks)

—  Any relevant first step, e.g. writes down
v(4-5) = 113535 and stops.

—  Substitutes correctly into v(t),
i.e. v(4-5) = —0-6(4-5) + 5-4(4-5) —k,
but fails to equate to 11-3535.

High partial credit: (4 marks)

—  Equates correctly v(4-5) = 113535,
i.e.—0-6(4-5)* + 5-4(4-5) —k = 11.3535,
but failsto find or finds incorrect value
of k.

(i)
(1] Points:
v(t)
@t=0-15
v(0-15)

@t=1
= v

0

@t=2
= Vv

@t=3
= Vv

Page 28 of 79

Sketch the graph of v asafunction of t for the first 7 seconds of the race.

—0-6t% + 5.4t — 0-7965

(10D)

... answer from part (8)(i)

—0-6(1) + 5-4(1) — 0-7965
—0-6 +5-4—0-7965
4.0035

—0-6(2)? + 5-4(2) — 0-7965
—2-4+10-8—-0-7965
7-6035

—0-6(3)% + 5-4(3) — 0-7965
5.4+ 16-2—0-7965
10-0035
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Question 8 (cont’d.)

2018 LC Maths[HL] — Paper 1

8a) (i)

(cont’d.)

Speed, v(t) (m/s)

12 +

10 +

Scale 10D (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 29/80

@t=4
v(4)

@t=45
v(4-5)

Points:

—0-6(4)% + 5-4(4) — 0-7965
~9-6+21.6—0-7965

11-2035

—0-6(4-5)% + 5-4(4-5) — 0-7965
~12-15 + 24-3—0-7965

11-3535

3
Time, t (seconds)

v

4 5 6 7

**  Accept students’ answers from part (a)(i) for v(t) if not oversimplified.

Low partial credit: (4 marks) -

Any relevant first step, e.g. evaluates
v(t) for any value between 0-15 and 4-5.
Shows correct graph of v(t) fort =4-5
tot =7 (straight line) only.

Mid partia credit: (6 marks)

Evaluates v(t) for several values between
0-15 and 4-5, but fails to plot graph
or plotsincorrect graph.

High partial credit: (8 marks)

Graph almost fully correct, but with one
error/omission, e.g. graph beginsrising
from (0, 0) or straight lines(s) used
instead of a curve.
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Question 8 (cont’d.)

8(a) (cont’d.)

(iif)  Find the distance travelled by the sprinter in the first 4-5 seconds of the race. (10D*)
Distancetravelled in the interval [0, 4-5]
45

s(t) = 0+ v(t) dt
015
v(t) = -0-6t? + 5-4t —0-7965 ... answer from part (a)(i)
4.5
= s(t) = (-0-6t2 + 54t — 0-7965) dt

015
t3 t2 45
= 06, +54- —079%5!

015
45

= —0-2t% + 2.7t — 0- 7965t

015
= [-0-2(4-5)° + 2.7(4-5)* — 0-7965(4-5)]
—[-0-2(0-15)® + 2-7(0-15)? — 0-7965(0- 15)]
[-18-225 + 54-675 — 3-58425]
— [-0-000675 + 0-06075 — 0-119475]
[32-86575] — [-0-0594]
32.92515m

**  Accept students' answers from part (a)(i) for v(t) if not oversimplified.

Scale 10D* (0, 4, 6, 8, 10) | Low partial credit: (4 marks) — Anyrelevant first step, e.g. writes down
relevant integration formula for distance

i.e. s(t)= jv(t) dt and stops.

—  Some correct integration and stops
or failsto progress.

Mid partia credit: (6 marks) Integrates v(t) correctly to find s(t),

3 2
e s(t) = -o-etE " 5-4tE — 0-7965t,

but no limits or incorrect limits used.

High partial credit: (8 marks) Integrates v(t) correctly with correct limits,

t3 t2 45
— +5.4— —0-7965t|
3 2 015

but fails to evaluate or evaluatesincorrectly.

i.e.s(t) =-0-6

* Deduct 1 mark off correct answer only for the omission of or incorrect use of
units (‘m’) - apply only once to each section (@), (b), (¢), etc. of question.
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Question 8 (cont’d.)
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8(a) (cont’d.)

(iv)  Hence, find the sprinter’ s finishing time for the race. Give your answer correct
to three decimal places.

Scale 5C* (0, 2, 4, 5)

2018.1L.17/20_MS 31/80

(5C*)

Distancetravelled in the interval [0, 4-5]

Distance travelled in the int

Speed

Time =

v(t>4.5)
t(t>4-5)

Total time

N

32:92515m ... answer from part (a)(iii)

erval [4-5, end of race]

100 —32-92515
67-07485m
Distance

Time
Distance

Speed
11-3535
67-07485

11-3535
5-907856...

4.5+ 5:907856...
10-407856...
10-408 s

**  Accept students' answers from part ()(iii) for distance travelled
intheinterval [0, 4-5] if not oversimplified.

Low partial credit: (2 marks) -

Any relevant first step, e.g. writes down
relevant formulafor speed with some
correct substitution.

—  Findsdistancetravelled after 4-5 seconds
[ans. 100 — 32-92515 or answer from

part (iii)].
High partial credit: (4 marks) - Finds correct value of t(t > 4-5)
[ans. 5908, 5:907856..., or O/ 07485
11.3535

but fails to finish or finishes incorrectly.

* Deduct 1 mark off correct answer only @ if final answer is not rounded or
incorrectly rounded or @ for the omission of or incorrect use of units('s’)
- apply only once to each section (), (b), (c), etc. of question.
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8(b) A model for an Olympic-standard 100 m sprinter was developed by mathematicians.

The speed of the sprinter may be calculated using the function:

w(t) = 11-7(1 — %) + 0-03(1 — %)
wheret isthe time in seconds from the starting signal.

0) Find the maximum speed of the sprinter, correct to two decimal places. (10D*)

Maximum speedwhen(ii—\iv =0

w(t) =
dw
dt

U
1

9.36e % —0.009e”*

9.36e 0
eO«3t

o08t

eO-St +0-8t
e1-lt
In(e

1.1t
t

1-lt)

L e

11-7(1—-e°®) + 0-03(1 — e”*)
1[11-7(1 —e%%) +0.03(1 —e>*)]

11 -7[0—(e°®)(0-8)] + O 03[0 (€°¥)(0-3)]
11.7(0-8)e® — 0.03(0-3)e”*

9.36e %% — 0.009e”*

0

0
0-009e*
936

0-009

1,040

1,040
In1,040
In1,040
In1,040

11

6-315432... s

Maximum speed when t = 6-315432...

w(t)
=  w(6-315432..)

LR L L O | I T B |

11.7(1—-e°®) + 0-03(1 — e”*)

11_7(1 _ e—0.8(6-315432...)) + 0_03(1 _ e0-3(6-315432...))
11-7(0-993605...) + 0-03(—5-650086...)
11.625186... — 0-169502...

11.455683...

1146 m/s

Scale 10D* (0, 4, 6, 8, 10) | Low partial credit: (4 marks)

—  Anyrelevant first step, e.g. writes down
‘Maximum speed when Z—\iv =0.

—  Differentiates one term correctly, e.g.
11-7[0— (€7°%)(0-8)].

Mid partia credit: (6 marks)

Differentiates correctly to find cclj_\;v and

equatesccjj—\;v =0, but failsto isolate or

isolatest incorrectly.

High partial credit: (8 marks)

—  Findscorrect value of t [ans. 6-315432...],
but failsto find or finds incorrect value
for maximum speed.

* Deduct 1 mark off correct answer only @ if final answer is not rounded or
incorrectly rounded or @ for the omission of or incorrect use of units (‘m/s’)
- apply only once to each section (a), (b), (c), etc. of question.
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Question 8 (cont’d.)

2018 LC Maths[HL] — Paper 1

8(b) (cont’d.)

(i)  Find an expression for the distance travelled by the sprinter after timet.

Scale 10C (0, 4, 7, 10)

2018.1 L.17/20_MS 33/80

s(t) = w(t) dt
[
w(t) = 11.7(1-e®) + 0-03(1 - e**)
s(t) = [11-7(1 —e®®) + 0-03(1 — e”*)] dt
—0-8t 0-3t
= 117t-F )+003t-S)+c
-08 0-3
= 11-7t + 14-625e %% + 0.03t — 0- 1> + ¢
= 11-73t + 14-625e % —0.1e”>* + ¢
@t=0,s=0
s(0) = 11.73(0) + 14-625e %9 _0.1e*%9 + ¢
= 14-625e° —0-1€’ + ¢
= 14-625(1) —0-1(1) + ¢
= 14-525 +c
= 0
14.525 + ¢ = 0
c -14.525
s(t) = 1173t + 14-625e % — 0.1e”* — 14.525

(10C)

Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
relevant integration formula for distance

i.e s(t) = jw(t) dt and stops.

Some correct integration and stops
or failsto progress.

High partial credit: (7 marks)

Integrates w(t) correctly to find s(t),

i.e. s(t) = 11-73t + 14-625e % — 0.1e%*,
but failsto find or finds incorrect value

of .
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Question 8 (cont’d.)
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8(b) (cont’d.)

(iii)  Hence, show that the sprinter completes the race in less than 10 seconds. (5D)
s(t) = 11.73t + 14-625¢ % —0.1e”* - 14.525
@t=10
=  s(10) = 11-73(10) + 14-625e 819 _0.1¢”319 _ 14.525
= 117-3 + 14-625e° — 0- 1€ — 14-525
= 117-3 + 0-004906... — 2-008553... — 14-525
= 100-771352...
as  100-771352... > 100
trace < 10s

Scale5D (0, 2, 3, 4, 5)

2018.1 L.17/20_MS 34/80

**  Accept students’ answers from part (b)(ii) for s(t) if not oversimplified.

Low partial credit: (2 marks) —  Any relevant first step, e.g. writes down

condition required, ‘if s(10) > 100, then
trace < 10'.

—  Some correct substitution into s(10),
and stops or failsto progress.

Mid partia credit: (3 marks)

Fully correct substitution into s(10), but
failsto evaluate or evaluates incorrectly.

High partial credit: (4 marks)

Finds correct value for s(10), but no
conclusion or incorrect conclusion given.
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(50 marks)

9(a) A circular discisdivided into 12 unequal sectors whose areas
arein arithmetic sequence. The area of the largest sector is
twice that of the smallest sector. The radius of thediscisr
and the acute angle in the smallest sector is 6, in degrees,
as shown. Theincrease in angle in subsequent sectorsisA.

0) Find the areas of the smallest and the largest sectors,
intermsof r and 6.

Areaof smallest sector

=  Areaof largest sector

(5B)

Scale5B (0, 2, 5) Partia credit: (2 marks)

Any relevant first step, e.g. writes down
correct formulafor the area of a sector.
Finds correct area of one sector only.

(i)  Find an expression for the acute angle of the nth sector in the arithmetic sequence

and hence, write down the size of the angle in the largest sector in terms of 6 and 4. (5C)
(1] Acute angle of the nth sector
Th = a+(n-1d
a = 0
d = A
= T, = 0+ (n-1)4
(2] Size of the anglein the |argest sector
= T, = 0+ (n-1)4
T = 0+ (12-1)4
= 0+ 114
Scale5C (0, 2,4, 5) Low partial credit: (2 marks) —  Anyrelevant first step, e.g. writes down

correct formulafor T, with some correct
substitution (a or d).

Correctly identifiesa =6 and d = A with
some correct substitution into formula
for T, (not stated).

Finds expression for T, by inspection

or calculation and stops.

High partial credit: (4 marks)

Finds correct expression for T, but fails
to find or findsincorrect expression
for To,.
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Question 9 (cont’d.)

9(a) (cont’d.)

(iii)  Find an equation for the sum of the acute anglesin al of the sectors, in terms of 6 and 1. (5C)
o S, the sum of thefirst n angles
S = Jlea+ (-1
n = 12
a = 0
d = A
= S = %[29 +(12-1)4]
= 6[26 + 114]
= 126 + 664
Scale5C (0, 2, 4, 5) Low partia credit: (2 marks) — Anyrelevant first step, e.g. writes down

correct formulafor S, with some correct
substitution (a or d).

—  Correctly identifiesa= 6 and d =1 with
some correct substitution into formula
for §, (not stated).

High partial credit: (4 marks)

Finds correct expression for S,
[ans. g[ze +(n—1)2], but failsto

evaluate or incorrectly evaluates S,,.
—  Finds correct expression for S,

[ans. %[20 +(12-1)A], but fails

to finish or finishesincorrectly.

DEB
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Question 9 (cont’d.)

2018 LC Maths[HL] — Paper 1

9(a) (cont’d.)

(iv)  Useyour answersto parts (ii) and (iii) above to find, in degrees, the value of 6. (5C)
(1] T = 6+ 114 ... answer from part (a)(ii)
= 20 ... answer from part (8)(i)
= 6+111 = 20
= 114 = 20-6
= 0
= A = i
11
= S, = 126 + 664
= 360° ... answer from part (a)(iii)
= 126 +664 = 360°
Substituting 4 = % into equation:
= 120+ GG(EJ = 360°
11
= 120+66 = 360°
= 180 = 360°
= 0 = 20°
or
(2] T = 6+ 114 ... answer from part (a)(ii)
= 20 ... answer from part (8)(i)
= 6+111 = 20 O)
= S = 126 + 664
= 360° ... answer from part (a)(iii)
= 126 +664 = 360° .. @
o 6+ 114 = 20 (x-6)
@ 120 + 664 = 360° (x1)
Equating @ and @:
0] —60 — 664 = -120
@ 120 + 664 360°
= 60 = 360° — 120
= 180 = 360°
= 0 = 20°

Scale5C (0, 2, 4, 5)

2018.1 L.17/20_MS 37/80

* %

Accept students' answers from previous partsif not oversimplified.

Low partia credit: (2 marks) -

Any relevant first step, e.g. writes down
one expression in terms of 6 and 4,

i.e. 6+ 114 =20 or 126 + 664 = 360°.
FindsA intermsof 6, i.e. % [Method @],
and stops or fails to progress.

High partial credit: (4 marks)

FindsA intermsof 6, i.e. % and finds

second expression, i.e. 120 + 661 = 360°
[Method @], but failsto finish or finishes
incorrectly.

Finds two expressionsin terms of 6 and A,
with work towards finding 8 [Method @],
but fails to finish or finishes incorrectly.
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9(b) An equilateral triangle can be subdivided into four smaller equilateral triangles of equal area.
Thefirst three patterns in a sequence of patterns are shown below. In each successive pattern,
the unshaded triangle is subdivided into smaller equal triangles.

@

&) ®

NN

0) Compl ete the table below to show the number of shaded and unshaded equilateral

triangles in each pattern. (5C)
Pattern 1 2 5
Number of shaded triangles 1 4 13 40 121
Number of unshaded triangles 3 9 27 81 243
Scale5C (0, 2, 4, 5) Low partia credit: (2 marks) —  One, two or three correct entries.
High partia credit: (4 marks) —  Four, five or six correct entries.
(i)  Write an expression in n for the number of unshaded triangles in the nth pattern
in the sequence. (5C)
Number of unshaded triangles 3 9 27 81 243

Scale5C (0, 2, 4, 5)
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Unshaded triangles: 3, 9, 27, 81, 243, ...

Geometric sequence

Tn ar"!
a 3
r 3

333"
31+n—1

3n

Ta

Low partia credit: (2 marks)

Any relevant first step, e.g. writes down
correct formulafor T,, with some correct
substitution (a or r).

Recognises terms in the sequence as 3

to the power of 1, 2, 3,i.e. 3%, 3% 3% etc.,
but not the term in the nth pattern [3"].
Correctly identifies pattern as geometric
seguence with correct a and r and some
correct substitution into formulafor T,
(not stated).

High partial credit: (4 marks)

Fully correct substitution into T,
i.e. T,=3(3"1), but failsto finish
or finishesincorrectly.
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9(b) (cont’d.)
(iii)

Find an expression, in n, for the number of shaded trianglesin the nth pattern

in the sequence.
Number of shaded triangles 1 4 13 40 121
L I |1 I |
Change (1st difference) 3 9 27 81
T, = 1
= 30
T, =  T,+3
= 1+3
T, = T+¥
= 1+3'+3
T, = T3
= 1+3 +32+3°
= T = 1+3+3%2+3+ .. +3"!
= FP+3t+3F+3F 4+ +30
= S\ (Geometric series) 3%+ 3 + 32+ 3P + ...
a@-rm
S 1-r
a = 1
r = 3
=  S@+3+3F+3F+.+3"7h
11-3")
1-3
I
-2
_ 3N -1
2
n _
= Th = -1
2

Scale 10D (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 39/80

(10D)

+ 3“—1

Low partial credit: (4 marks)

pattern.

—  ldentifies that 3"~ * added to previous

term to get current term.

Any relevant first step, e.g. writes down
T,=1+3, T;=1+3"+ 3 etc.inthe

Mid partia credit: (6 marks)

but fails to progress.

FindsT,=sum(1+ 3"+ 3+ ...+ 3"},

High partial credit: (8 marks)

finishesincorrectly.

FindsT,=sum(1+3"+3+..+3"})
with some correct substitution (a or r)
into S, formula, but failsto finish or
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9(b) (cont’d.)
(iv)

Scale5C (0, 2, 4, 5)
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Areaof 1st pattern

Areaof 2nd pattern

Areaof 3rd pattern =

Pattern: =

Continuing pattern:

Areaof 4th pattern =

Areaof 5th pattern =

Find the fraction of the overall areathat is shaded in the 5th pattern.

(5C)
1
=1
4()
1 1,1
— +=(=)(3
212 4)()
1 3
4+ =
4 16
1 1.1 1,11
Z+Z(3)@) +=(E)E)9
2 4(4)() 4(4)(4)()
1 3 9
T =+ =
4 16 64
@1, ®1+i' ®1+i+i'_
4 4 16 4 16 o4
1 3 9 909
-t —+ — + ——
4 16 64 64(4)
1.3 .9 27 2119
-t 4+t —+ —+—
4 16 64 256 256(4)
1 3 9 27 8l
-t 4+ —+—+ ——
4 16 64 256 1024

256 + 3(64) + 9(16) + 27(4) + 81

781
1,024

Sum of geometric progression:

81 =

a@l-r")
1-r

243

1024
781

1,024

1,024

Low partia credit: (2 marks)

Any relevant first step, e.g. finds fraction
of area shaded in first three patterns.
Some correct substitution (aor r) into S,
formula and stops or failsto progress.

High partial credit: (4 marks)

Substantive work towards finding shaded
areain 5th pattern, e.g. correct areafor
4th pattern, but failsto finish or finishes
incorrectly.

Fully correct substitution (aandr) into S,
formula, but failsto finish or finishes
incorrectly.
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9(b) (cont’d.)

(v)  Inwhich pattern will the shaded area be greater than 95% of the overall area?

Scale5C (0, 2, 4, 5)
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Pattern: =

(5C)
1 51,8 51,8,09

Sum of geometric progression

81 =

N\
Slw
N
p=l
I

n

=, @@=+ —, =+ =,
4 4 16 4 16 64
_r¢h

a(-r" acl 23
1-r 4 4

1-0-95

0:05

log, (0-05)
4

10-413343...

11

Low partia credit: (2 marks)

Any relevant first step, e.g. writes down
that pattern is the sum of a geometric
progression and identifies correct aand r.
—  Some correct substitution (aor r) into S,
formula and stops or fails to progress.

High partial credit: (4 marks)

Fully correct substitution (aandr) into S,
n
formulaand finds 1 — (%J =0-95, but

failsto finish or finishesincorrectly.
—  Findsn=10-413343..., but failsto round
upton=11.
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Pre-Leaving Certificate Examination, 2018

Mathematics

Higher Level — Paper 2
Marking Scheme (300 marks)

Structure of the Marking Scheme

Students’ responses are marked according to different scales, depending on the types of response anticipated.
Scales labelled A divide students’ responses into two categories (correct and incorrect).

Scales labelled B divide responses into three categories (correct, partially correct, and incorrect), and so on.
These scales and the marks that they generate are summarised in the following table:

Scale label A B C D
No. of categories 2 3 4 5
5 mark scale 0,25 0,2,4,5 0,2,34,5
10 mark scale 0,4,7,10 0,4,6,8, 10
15 mark scale 0,5,9, 12,15

A general descriptor of each point on each scale is given below. More specific directions in relation to interpreting
the scales in the context of each question are given in the scheme, where necessary.

Marking scales—level descriptors

A-scales (two categories)

. incorrect response (no credit)

. correct response (full credit)

B-scales (three categories)

. response of no substantial merit (no credit)

. partially correct response (partial credit)

. correct response (full credit)

C-scales (four categories)

. response of no substantial merit (no credit)

. response with some merit (low partial credit)
. almost correct response (high partial credit)

correct response (full credit)

response of no substantial merit (no credit)
response with some merit (low partial credit)
response about half-right (mid partial credit)
almost correct response (high partial credit)

D-scales (five categories)
. correct response (full credit)

In certain cases, typically involving @ incorrect rounding, ® omission of units, ©® a misreading that does not
oversimplify the work or @ an arithmetical error that does not oversimplify the work, a mark that is one mark
below the full-credit mark may also be awarded. Such cases are flagged with an asterisk.

Thus, for example, scale 10C* indicates that 9 marks may be awarded.

. The * for units to be applied only if the student’s answer is fully correct.
. The * to be applied once only within each section (a), (b), (c), etc. of all questions.
. The * penalty is not applied for the omission of units in currency solutions.

Unless otherwise specified, accept correct answer with or without work shown.

Accept students’ work in one part of a question for use in subsequent parts of the question, unless this
oversimplifies the work involved.
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Section A Section B
Q1 (@ () 5C (0,2, 4,5) Q7 (@ () 10C* (0, 4, 7, 10)
(i) 5C(0,2,4,5) @iy 5B*(0,2,5)
(i) 5C(0,2,4,5) b)) (0 10D (0, 4, 6, 8, 10)
(b) 10D (0, 4, 6, 8, 10) (i) 5C(0,2,4,5)
25 (iii) 5C(0,2,4,5)

(© () 10D*(0,4,6,8, 10)
(i) 5D (0,2,3,4,5)

50
Q2 @ 10D (0, 4, 6, 8, 10)
(b) 5C* (0, 2, 4, 5)
© 10D* (0, 4, 6, 8, 10)
25 Q8 (a () 10D(0,4, 86, 8,10)
(i) 5C(0,2,4,5)
(i) 5C (0,2, 4,5)
() () 10D (0,4, 6,8, 10)
Q3 (a) 5C (0, 2, 4, 5) (i) 5C(0,2,4,5)
(b) 5C (0, 2, 4, 5) (i)  5C (0,2, 4,5)
© 15D (0, 5, 9, 12, 15) (iv) 5C(0,2,4,5)
25 (v) 5D (0,2,3,4,5)
50
Q4 (@ 10D (0, 4, 6, 8, 10)
(b) 5C* (0,2, 4,5 Q9 (a () 10D(,4,86, 8,10)
© 10D (0, 4, 6, 8, 10) (i) 10D (0, 4, 6, 8, 10)
25 (i) 5D (0,2, 3,4,5)
(iv) 5C (0,2, 4,5)
(v)  10D* (0, 4, 6, 8, 10)
(b) 10D* (0, 4, 6, 8, 10)
Q5 (@ (@) 5C(0,2 4,5) 50
(i) 10D (0, 4, 6, 8, 10)
(b) 10D (0, 4, 6, 8, 10)
25
Q6 (@ () 10D (0,4,6,8,10)
(i) 5C(0,2, 4,5)
(b) 10D* (0, 4, 6, 8, 10)
25

Current Marking Scheme

Assumptions about these marking schemes on the basis of past SEC marking schemes should be avoided. While the
underlying assessment principles remain the same, the exact details of the marking of a particular type of question may
vary from a similar question asked by the SEC in previous years in accordance with the contribution of that question

to the overall examination in the current year. In setting these marking schemes, we have strived to determine how

best to ensure the fair and accurate assessment of students’” work and to ensure consistency in the standard of assessment
from year to year. Therefore, aspects of the structure, detail and application of the marking schemes for these
examinations are subject to change from past SEC marking schemes and from one year to the next without notice.

Copyright

All rights reserved. This marking scheme and corresponding papers(s) are protected by Irish (EU) copyright law.
Reproduction and distribution of these materials or any portion thereof without the written permission of the publisher
is prohibited except for the immediate use within a classroom.
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Mathematics

Higher Level — Paper 2
Marking Scheme (300 marks)

General Instructions

There are two sections in this examination paper.

Section A Concepts and Skills 150 marks 6 questions
Section B Contexts and Applications 150 marks 3 questions

Answer all nine questions.
Marks will be lost if all necessary work is not clearly shown.
Answers should include the appropriate units of measurement, where relevant.

Answers should be given in simplest form, where relevant.

Section A Concepts and Skills 150 marks

Answer all six questions from this section.

Question 1 (25 marks)

1(@) Orlaand Liam play a game that consists of tossing an unbiased coin. &
The first person to get a ‘heads’ is the winner. If Orla tosses first, y
find the probability that:

(i) Liam wins the game on his first toss, (5C)

P(Liam wins on 1st toss)
= P(Orla loses on 1st toss) + P(Liam wins on 1st toss)

N |~

FN N
|2

=

@

N

(&)

Scale5C (0, 2, 4, 5) Low partial credit: (2 marks) —  Any relevant first step, e.g. writes down
correct explanation of probability that
Liam wins, e.g. ‘P(Orla loses on 1st toss)
+ P(Liam wins on 1st toss) or P(L, W)’
or similar and stops.

—  Correct probabilities chosen, but incorrect
operator used.

High partial credit: (4 marks) —  Correct probabilities and operator chosen,
i.e. P(Liam wins) = % X % but fails to

express as a single fraction or equivalent.
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Question 1 (cont’d.)

2018 LC Maths[HL] — Paper 2

1(@ (cont’d.)

(i)

Scale5C (0, 2, 4, 5)

(iii)

Orla wins the game.

Scale 5C (0, 2, 4, 5)

2018.1 L.17/20_MS 45/80

Orla wins the game on her second toss,

P(Orla wins on 2nd toss)

(5C)

= P(Orla loses on 1st toss) + P(Liam loses on 1st toss )
+ P(Orla wins on 2nd toss)

[P N~

r

1
X = X
2

0-125

Low partial credit: (2 marks)

Any relevant first step, e.g. writes down
correct explanation of probability that
Orla wins, e.g. ‘P(Orla loses on 1st toss)
+ P(Liam loses on 1st toss) + P(Orla
wins on 2nd toss)’ or similar and stops.
Correct probabilities chosen, but incorrect
operator used.

High partial credit: (4 marks)

Correct probabilities and operator chosen,
i.e. P(Orlawins) = 1 X l>< 1, but fails to
2 2 2

express as a single fraction or equivalent.

P (Orla wins)

(5C)

P(Orla wins on 1st toss) + P(Orla wins on 2nd toss)

+ P(Orla wins on 3rd toss) + ...

1.1 1
= T+ — +— +
2 8 32 128
1. 1(1 1(1)1 1(1) 1)1
= —_—t —| — |+ —| = || = F+F === —=]|F...
2 2GR
Infinite geometric progression
a 1 1
S = R a==—, r=—
1-r 2 4
1
: _ 2
P(Orla wins) = —
1
1-=
4
= 4 or 2 0-666666...
6 3

Low partial credit: (2 marks)

Any relevant first step, e.g. writes down
correct explanation of probability that
Orla wins, e.g. “P(Orla wins on 1st toss)
+ P(Orla wins on 2nd toss) + P(Orla
wins on 3rd toss) + ...” or similar.

Finds P(Orla wins) = 1 + 1 + 1 + ..
2 8 32

High partial credit: (4 marks)

Recognises that P(Orla wins) is equal to

the sum of a G.P. witha = % andr = %

but fails to find or finds incorrect S...
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Question 1 (cont’d.)
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1(b) A game of chance comprises a player spinning a ‘lottery wheel’. There are 100 positions
in which the ball has an equal chance of landing but there is only one chance for a player

to win the top prize.

Find the minimum number of spins which Carina must attempt in order that the probability
of winning the top prize at least once is no less than 25%.

=

Scale 10D (0, 4, 6, 8, 10)
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P (wins top prize)

P (does not win)

P (Carina wins top prize at |

n

1

100
1- L

100
99

100

east once in n attempts)

1 - P(never wins top prize in n attempts)

n
1- (ﬁ
100
0-25

0-25

1-0-25

0-75

log 44 (0-75)
100

28:624125...

29

(10D)

Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
correct explanation of probability, e.g.

‘P (Carina wins at least once) = 1 — P(never
wins top prize) or similar and stops.

Finds P(does not win) =1 — L or 2

100 ~ 100

Mid partial credit: (6 marks)

Finds P(Carina wins top prize) and finds

n n
1- %9 =0-250r1- % >0-25
100 100

and stops or fails to progress.

High partial credit: (8 marks)

Finds P(Carina wins top prize), i.e.
n n

1—(ﬂj =0-250r 1—[ﬂj >0.25

100 100
with substantive work towards finding n,
but fails to finish or finishes incorrectly.
Finds n = 28-624125..., but fails to round
up ton=29.
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(25 marks)

The diagram below shows a sector of a circle with centre O and radius 20 cm. A circle with centre C
and radius x cm lies within the sector and touches it at P, Q and R. S is another point on the circle.

| ZPOR| = 1-29 radians.

2(a)

Uy

U

Scale 10D (0, 4, 6, 8, 10)
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By considering the triangle POC, show that x is equal to 7-5 cm, correct to one decimal place.

Consider APOC
| ZPOC|

Using trigonometry

sin| ZPOC|

|PC|
|OC]|

sin0-645

0-601198...

X

X +0-601198...x
1.601198...x

X

I

1-29 rads

(10D)

129 :

2 P
0-645 rads

20 —x
|PC|
|oc|
X
20 —x
X
20 — x
X
20— x
(20 - x)(0-601198...)
12-023968... — 0-601198...x
12-023968...
12-023968...
12-023968...
1.601198...
7-509355...
7-5cm

Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
or indicates on diagram that APOC is a
right-angled triangle with | ZCPO| = 90°.
Finds | £ZPOC| = 0-645 rads.

Finds |OC| =20 -x.

Some correct substitution into trig ratio
(sin) and stops or fails to progress.

Mid partial credit: (6 marks)

Finds sin 0-645 = 20" and stops
X

or fails to progress.

High partial credit: (8 marks)

Finds 0-601198... = —~
20 — x

with some

work towards finding x, but fails to finish
or finishes incorrectly.

Page 47 of 79

exams



Question 2 (cont’d.)
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2(b) Hence, find the area of the region which is inside the sector but outside the circle,
correct to three decimal places.

=

Scale 5C* (0, 2, 4, 5)
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Area of sector

Area of circle

Area outside circle

2

N

L2

%(20)2(1-29)
258 cm?

nr?

n(7-5)°
176-714586... cm?
258 — 176-714586...
81-285413... cm?
81-285 cm?

(5C*)

... @ in radians

Low partial credit: (2 marks)

Any relevant first step, e.g. writes down
correct relevant formula for the area of

a sector or a circle with some correct
substitution into formula.

Finds Area of sector [ans. 258].

Finds Area of circle [ans. 176-714586...].

High partial credit: (4 marks)

Finds area = %(20)2(1-29) - 1(7-5)% but
fails to evaluate or evaluates incorrectly.

Finds both areas separately [%(20)2(1-29)

and m(7-5)?] with one error/omission,
but finishes correctly.

Deduct 1 mark off correct answer only @ if final answer is not rounded or

incorrectly rounded or @ for the omission of or incorrect use of units (‘cm?’)
- apply only once to each section (a), (b), (c), etc. of question.
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Question 2 (cont’d.)

2018 LC Maths[HL] — Paper 2

2(c) Find the perimeter of the region PORS bounded by the arc PSR and the lines OP and OR.
Give your answer correct to the nearest cm. (10D*)

Scale 10D* (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 49/80

Perimeter of the region PORS
= |[PO|+|OR|+|arcRSP|

Consider APOC
Using Pythagoras’ theorem
|Hyp|? = |Oppf+|Adjf
|oCF = |CP+|POF
|OC| = 20-75
= 12-5
|CP| = 7-5
|POJ? = (12-5)* — (7-5)?
= 156-25 - 56-25
= 100
|PO| = V100
10 cm
Also |OR|=10cm
| ZRCP| = 2| Z0OCP|
|,OCP| = n—g—0-645
= Z_o6s5
2
| ZRCP| = 2(% —0-645)
= n-1-29
= 1-851592... (rads)
|arc RSP | re

(7-5)(1-851592...)
13-886944... cm

Perimeter of the region PORS

10 + 10 + 13-886944...
33-886944...

34 cm

n

Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
correct relevant formula for Pythagoras’
theorem or for the length of an arc

(in rads) with some correct substitution

into formula.

- Indicates Perimeter of the region PORS
=|PO| +|OR| + |arc RSP | and stops.

—  Correct substitution into formula for
Pythagoras’ theorem (not stated), but fails
to evaluate or evaluates incorrectly.

—  Writes down that | ZRCP | =2| LOCP|

or equivalent.

Mid partial credit: (6 marks)

Finds correct value of |PO| or | OR| only.
—  Finds correct value of |arc RSP | only.

Finds correct value of |PO| (or |OR )

or |arc RSP | with substantive work
towards finding the value of other length,
but fails to finish or finishes incorrectly.
—  Finds correct value of |PO| (or |OR )
and |arc RSP |, but fails to find perimeter
or finds incorrect value of perimeter.

High partial credit: (8 marks)

* Deduct 1 mark off correct answer only if final answer is not rounded or
incorrectly rounded - apply only once to each section (a), (b), (c), etc. of question.
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Question 3 (25 marks)

Two circles, k; and ks, touch externally.

3(a) The equation of the circle k; is x* + y* — 6x + 2y — 15 = 0.
Find the centre and radius of k;. (5C)

(1] Centre of k;:
General equation of a circle:
s: X% +y% + 2gx + 2fy + ¢ = 0 with centre (-g, -f)
ki xX2+y’—-6x+2y—-15=0
X2 +y?+2(-3)x +2(1)y-15=0

= Centre (-g, —f) = (3,-1)
(2] Radius of k;:
r,(radius of k,) = Joi+ fi-c
= Y32+ @?-(-15)
= J9+1+15
= J25
= 5
Scale5C (0, 2, 4, 5) Low partial credit: (2 marks) —  Any relevant first step, e.g. effort at

relating one or more coefficients of given
equation to general equation of a circle.
—  Effort at completing square(s).

High partial credit: (4 marks) Finds either centre or radius correctly.

—  Substantive work towards finding centre
and radius, but with one critical error,
e.g. centre (=3, —1) and finds radius with

incorrect value.
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Question 3 (cont’d.)

3(b) The centres of the two circles lie on the line 4x + 3y — 9 = 0. The radius of circle k, is 10 units.
If the co-ordinates of the centre of circle k, are expressed in the form (-g, —f ), show that

(3+ )%+ (f —1)>=225. (5C)
Let ¢, be the centre of k; and ¢, be the centre of k,
r,(radius of k,) = 10
c,(centre of k,) = (-9, -f)
r,(radius of k;) = 5 ... answer from part (a)
¢, (centre of k;) = (3,-1) ... answer from part (a)
rg+r, = |C1Cs |
= 5+10 = B2+ (L- (1)
= 15 = J@B+ )2+ (-1+ f)?
= J@+9)2+(f -1?
= @B+gP+(f-12 = 182
= 225

**  Accept students’ answers for r; and ¢, from part (a) if not oversimplified.

Scale5C (0, 2, 4, 5) Low partial credit: (2 marks) —  Any relevant first step, e.g. writes down
that ry + r, =|c,C,| or similar.

—  Finds correct value of ry +r, [ans. 15].

—  Some correct substitution into distance
formula to find | c,c, | and stops or fails
to progress.

High partial credit: (4 marks) —  Substitutes correctly into ry +r, =|c4Cy|,
but fails to find correct expression.
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3(c)

2018.1 L.17/20_MS 52/80

Hence, or otherwise, find the possible equations of k. (15D)
(-9,-f) € 4x+3y-9=0
= 4(-g)+3(-f)-9 = 0
= 3f = -4g9-9
= f = —_49 -9 O
3
225 = B+gP+(f-1? ..® ... from part (b)
Substituting @ into @:
_ 2, 49-9 .
= 225 = (3+09) +(T_l)
= g°+6g+9+ (—_493_ L)
2
_ ngrfngr9+16g +£;69+144
=  225(9) = (g° + 6g + 9)(9) + 169> + 96 + 144
= 2,025 = 9g? + 549 + 81 + 169° + 969 + 144
=  25¢°+150g - 1,800 = 0
=  g°+6g-T72 = 0
= (9-6)g+12) = 0
= g-6 = 0 = g+12 = 0
= g = 6 = g = -12
- f = —49 -9 = f = —49-9
3 3
e R . SA1D-9
3 3
- == 39
3 Y
= -11 = 13
= Cy (-6, 112) ) = c;(12,-13)
=k (x+6)"+(y-11)" =100 =  ky (x=12)?+ (y + 13)>= 100

Scale 15D (0, 5, 9, 12, 15)

Low partial credit: (5 marks) -

Any relevant first step, e.g. substitutes
(-g, —f) correctly into 4x + 3y -9 = 0.

~  Finds f = ‘493‘9 —3f -9

org=

and stops or fails to progress.

Mid partial credit: (9 marks) -

Substitutes f or g correctly into equation
225 = (3 + g)* + (f - 1)% but fails to find
correct quadratic equation.

High partial credit: (12 marks) -

Find two correct values of first variable,

but fails to find corresponding values of

second variable.

—  Find only one correct value of first variable
and corresponding value of second variable.

- Finds both variables, but fails to find or

finds incorrect equations of circles.
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Question 4 (25 marks)
4(a) Find the equation of the line I through the point (=3, 2), which divides the line segment
(-6, 2) to (-3, —4) internally in the ratio 1:2. (10D)
Line segment (-6, 2) to (-3, —4) divided internally in the ratio 1:2
(X1, Y1) (X2, Y2) ki k;
P(X, Y) - kiXp + koXy  Kiys + Kpyy
k; + k, Kk, + k,
_ 1(-3) + 2(-6) 1(-4) + 2(2)
1+2 7 1+2
. (B 9)
33
= (_5! 0)
Line | contains (-3, 2) and (-5, 0)
Yo= Vi
m =
Xy — Xy
. 0-2
= m, (slope of linel) = _—
i (slop ) 5-(3)
- 2
-2
= 1
Equation of | Equation of |
(-3,2),m=1 (-5,0),m=1
Y-y, = m(X — Xy) Y-y, = m(X = X,)
= y-0© = Ux-(=3) = y-(0) = Ux-(-5)
= y-2 = X+3 = Y = X+5
= X-y+5 = 0 = X-y+5 = 0

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
correct relevant formula for ratio with
some correct substitution into formula.
Identifies correct relevant formula for
slope or equation of a line with some
correct substitution of (-3, 2) into formula.

Mid partial credit: (6 marks)

Substitutes correctly into ratio formula,
and stops or fails to progress.

Finds one ordinate only (correct).
Correct co-ordinates, but no work shown.

High partial credit: (8 marks)

Finds correct slope of line I, but fails to
find equation of line I or finds incorrect
equation of line I.

Finds equation of line | with one
error/omission, but finishes correctly.
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Question 4 (cont’d.)
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4(b) Find the co-ordinates of the points where | cuts the x-axis and the y-axis and hence, find

the area of the triangle formed by | and the two axes. (5C*)
(1] Co-ordinates of points where | cuts the x-axis and y-axis

I: x-y+5 = 0
X-axis

= Yy = 0

= X-0+5 = 0

= X = -5

= cuts the x-axis at (-5, 0)
y-axis

= X = 0

= 0-y+5 = 0

= -y = -5

= y = 5

= cuts the y-axis at (0, 5)

(2] Area of triangle formed by | and the two axes

= Area of A
1

lIxy—xyl
212 2J1

= SIE96) =000

= L
2
1

= Ll
2()

= 12-5 units?

Scale 5C* (0, 2, 4, 5) Low partial credit: (2 marks)

Any relevant first step, e.g. writes down
correct relevant formula for the area of
a triangle with some correct substitution.
Finds either correct x or y intercept

and stops or fails to progress.

High partial credit: (4 marks)

Finds both x and y intercepts correctly,
but fails to find or finds incorrect area
of triangle.

Finds area of triangle with one incorrect
intercept/error/omission, but finishes
correctly.

* Deduct 1 mark off correct answer only for the omission of or incorrect use of
units (‘units®’) - apply only once to each section (a), (b), (c), etc. of question.
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4(c) Asecond line, y = mx + ¢, where m and c are positive constants, passes through (-3, 2)
and forms a triangle with the axes of equal area to that in part (b) above.
Find the equation of this line.

o
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U

Uy

Y

U

U4 dil

y

(_3! 2)

-3m+¢
c

I 1mnm

Intercepts x-axis @ y =0
y _
0

mx

X
. —C

cuts the x-axis at (—, 0)
m

Intercepts y-axis @ x =0
y

y
cuts the y-axis at (0, c)

Area of A =

Substituting @ into @:
(3m + 2)? =
Im?+12m + 4 =
Im’-13m+4 =
Om-4)(m-1) =
Im-4 =
m =

C =

c =

Equation of line
y =

y =

Page 55 of 79

mx+c

y=mx+c

3m+2 . O

mx+c
mx+c
—-C
—C

m(0) +c¢
c

1 |X

E Y2 = XY

§| () - 0)0)|
m

C2

2m

(10D)

125 ... answer from part (b)

12:5

12-5(2m)
25m .. @

25m
25m

m-1
m
slope of line |
3m+2 @
4
3(=)+2
(9)
10

3

o|lpO OO
udu

mx+c

ix+E or 4x-9y+30=0
9 3

exams
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Question 4 (cont’d.)

4(c) (cont’d.)

**  Accept students’ answers for Area of A from part (b) if not oversimplified.

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks)

Any relevant first step, e.g. substitutes
(-3, 2) correctly intoy = mx + c.

Finds either correct x or y intercept
and stops or fails to progress.

Mid partial credit: (6 marks)

Substitutes correctly into area of triangle
2

formula and finds ;— =12-5or ¢® = 25m,
m

but fails to find correct quadratic equation.

High partial credit: (8 marks) Finds correct slope, i.e. m = % but fails

to find equation of line or finds incorrect
equation of line.

—  Finds equation of line with one
error/omission, but finishes correctly.
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(25 marks)

5(@) A jury of 12 people is to be selected from a panel of 8 men and 8 women.

0) In how many ways can the jury be selected?

Scale 5C (0, 2, 4, 5)

2018.1 L.17/20_MS 57/80

Possible jurors

# total juries

= 8+8
= 12

&

- 16C12

16!
121 (16 —12)!
16 x15%x14 x 13

(5C)

4x3x2x1

24
= 1,820

43,680

Low partial credit: (2 marks)

Any relevant first step, e.g. writes down
L 16
“#total juries = (12] or 16C,,” and stops

or fails to progress.
Writes down or evaluates correctly 6P,

[ans. 16 x 15 x 14 x 13 or 43,680].

High partial credit: (4 marks)

16! or 16 x15x14x13
121(16 —-12)! 7 4x3x2x1
but fails to evaluate or evaluates incorrectly.

Finds
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Question 5 (cont’d.)

5(@) (cont’d.)
(i)  Find the probability that the jury selected has more women than men. (10D)

More women than men
= Jury composition = (8 women + 4 men) or (7 women + 5 men)

R (M R

= [rcex e, |+ ey x fc)
[ 8x7x6x5 8x7x6
X +|8x
| 4x3x2x1 3x2x1
[1 x 70] + [8 x 56]
70 + 448
518
1,820 ... answer from part (a)(i)
518
1,820

= 3r or 0-284615...
130

# total juries

=  P(more women) =

**  Accept students’ answers for # total juries from part (a)(i) if not oversimplified.

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks) Any relevant first step, e.g. writes down

e B

or 8C, x8C (evaluated or not).

| ) )

fails to evaluate or evaluates incorrectly.
—  Writes downs or evaluates correctly

[BPB X 8P4] x [8P7 X 8P5]-
Mid partial credit: (6 marks) Einds (8 et | 8 (8] put
18) (4)] [\7)7(5)]
fails to evaluate or evaluates incorrectly.
. 8 8 8 8
—  Finds X X X and
i 8 4 | 7 5

evaluates correctly [ans. 31,360].

High partial credit: (8 marks)

Finds # juries = 518, but fails to find
or finds incorrect probability.
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Question 5 (cont’d.)

5(b) A Maths teacher tells her class of 23 students that “There is a greater than 50% chance
of two or more of you having the same birthday.”
Do you agree with her? Justify your answer by calculation. (10D)

P (2 or more have the same birthday)
= 1 - P(none have the same birthday)

- |Gl ) - G )
365 )\ 365 \ 365 | 365 ) | 365 | 365
| _ (365)(364)(363)(362) ... (344)(343)
3652

1-0-492702...
0-507279...

as 0-507279... > 50%,
the teacher is correct

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks) — Any relevant first step, e.g. writes down
‘P (2 or more have the same birthday)

= 1 - P(none have the same birthday)’
or similar and stops.

— Finds[ 22| 3041303} f313) e
365 )\ 365 A\ 365 365

fails to evaluate or evaluates incorrectly.

Mid partial credit: (6 marks) —  Finds P(2 or more have the same birthday)

1 (ﬁj{ﬁj (ﬁj *but fails
365 \ 365 365

to evaluate or evaluates incorrectly.

. 365 | 364 | 363 343
- Finds| — | — | —|...| — |, and
365 )\ 365 )\ 365 365

evaluates correctly [ans. 0-492702...].

High partial credit: (8 marks) —  Finds correct P(2 or more have same
birthday) [ans. 0-507279...], but no
conclusion or incorrect conclusion given.
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Question 6 (25 marks)
6(a) The diagram shows a square ABCD and the point M, D 2l c
the midpoint of [BC]. [AM] and [ BD] intersect at
the point P and divide the square into four regions.
x is the perpendicular height of the triangle BMP. @ =
a @ ) M
() Let|AB|=2l. o Ax N
Find an equation for the sum of the areas X oF
of the four regions, in terms of x and I, 16)
_2
and hence, show that x = 3 4 B (10D)
(1] Areaofregion® = Area of ABMP
= %(base x | height)
1
= =(D(x
2( )(X)
= llX
2
Areaof region @ = Area of ABCD - Area of ABMP
1 1
= =(@2n2l) - =Ix
2( )(@21) 5
= az-lyy
2
Areaofregion® = Area of AABM — Area of ABMP
1 1
= =D - =Ix
2( (D) 7
= ol
2
Areaofregion® = Area of AAPD
= %(ZI)(ZI -X)
= 2P-1Ix

Equation for the sum of the areas of the four regions
= Areaofregions® + @+ 3+ @

= I tixe o L 22 ix
2 2 2

3

512 - ZIx
2
(2] Total area of square = 2n@mn
= 41*
= s2- 3k = 41°
2
= EIx = 512—4)?
2
= |2
2
= X = —I
3
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Question 6 (cont’d.)

6(a) (i) (cont’d.)

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks) —  Any relevant first step, e.g. finds correct
area of one or two regions.
- Finds Total area of square [ans. 417].

Mid partial credit: (6 marks) —  Finds correct equation for the sum of the
areas of all four regions [ans. 51% - %Ix]

and stops or fails to progress.

High partial credit: (8 marks) —  Equates the sum of the areas to the Total

area of square, i.e. 51> - %Ix =41

but fails to finish or finishes incorrectly.

(i) Hence, find the ratio of the areas of the four regions. (5C)
(1] Areaof region ® = %Ix
1.2 1,
= =I(=I = =
2 (3 ) 3
Areaof region @ = 2I2—%Ix
1.2 5
= p] o | | = =2
2 (3 )
. > 1
Areaofregion® = | _EIX
1.2 2
= 12— =1(=1 = 212
2 (3 ) 3
Areaofregion ® = 21— Ix
2 4
= 2%-1(&) = =P
(3 ) 3
(2] Ratio of areas of region @ : region @ : region @ : region ®
— EIZEIZEIZEIZ
3 '3 '3 '3
= 1:5:2:14

**  Accept students’ answers for the area of each region from part (a)(i)
if not oversimplified.

Scale5C (0, 2,4, 5) Low partial credit: (2 marks) — Any relevant first step, e.g. finds correct
area of one or two regions in terms of 2.

High partial credit: (4 marks) —  Finds correct area of all four regions
in terms of 12, but fails to find ratio or
finds incorrect ratio.
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6(b) The diagram shows the support framework for the roof configuration of a new house.
The design is based on a larger triangle which is subdivided into five identical triangles
that are similar to the larger triangle.

Each of the frameworks, or roof trusses, is constructed using timber. The quantity surveyor
for the project needs to determine the total length of timber required for each truss.

B

A

E D 25m

C

Given that the shortest side of each of the smaller triangles in the design is 2-5 m,
find the total length of timber required to make each truss.

Give your answer in the form a + by/c, where a, b and ¢ € N.

also

U

Scale 10D (0, 4, 6, 8, 10%)

2018.1 L.17/20_MS 62/80

ADCB = ADGE = AGBF = AFEG = AEFA

|DC| = 2:5m
|IDG| = |DC|
= 2:5m
|GB| = 2-5m
|DB| = 2.5+2.5
= 5m
Consider ABCD
Using Pythagoras’ theorem
|Hypf = |Opp[ + |Adjf
|BC| = |DC|°+|DB|
|IBCJ = (2:5)° + (5
= 6-25 + 25
= 31-25
125
4
4

Total length of timber required

20 +5 + 1045
25+ 104/5 m

(10D%)

I
3

55

4(5) +2(2-5) + 4(75)

Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
formula for Pythagoras’ theorem with
some correct substitution into formula.
—  Finds correct value of | DB| [ans. 5].

Mid partial credit: (6 marks)

55

—  Finds correct value of | BC| [ans. 75 or

equivalent] and stops or fails to progress.

High partial credit: (8 marks)

Finds correct value of | BC| and almost
correct total length, but includes one
error/omission, e.g. one extra/missing
side in answer.

* Deduct 1 mark off correct answer only for the omission of or incorrect use of
units (‘units®’) - apply only once to each section (a), (b), (c), etc. of question.
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Section B Contexts and Applications 150 marks

Answer all three questions from this section.

Question 7 (50 marks)
Mean sea level is the midpoint between high tide and low tide and it is used as a datum from which
all altitudes are measured. On a particular day, mean sea level in a boating marina first occurs at
midnight (i.e. t = 0). The expected depth of water in the marina, in metres, can be modelled using
the trigonometric function:
h(t) = 1-465in(gtj +1-56,
where t is the time in hours from midnight and (gt) is expressed in radians.
7@ (i) Find the time at which the first high tide occurs and the depth of the water in the marina
at that time. (10C*)
(1] Time
h(t) = 1.46 sin(%tj +1.56
= High tide occurs when sin(%tj =1
= L = sint()
6
= —t = kil
2
=t - ¢
2
= 3 hours
= Time = 03:00 or 3:00 or 3:00 am
(2] Depth of water
h(t) = 146 sin(%tj +1.56
@ 03:00

ol

= hhigh tide

= hhigh tide

1

1.46(1) + 1-56
1.46 + 156
3.02m

Scale 10C* (0, 4, 7, 10) Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
that maximum / high tide occurs when

sinAor sin(gtj =1.
—  Attempts to differentiate h(t).
- Finds singt =1lor %t =sin™'(1), but

fails to find t or finds incorrect t, e.g. error
using radians.

High partial credit: (7 marks)

Finds one correct answer only
(Tlme = 0300 g hhigh tide = 302 m)

* Deduct 1 mark off correct answer only for the omission of or incorrect use
of units (‘m’) - apply only once in each section (a), (b), (c), etc. of question.
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7(a) (cont’d.)

(i) Find, by calculation, the period of h(t).

Scale 5B* (0, 2, 5)

General equation of a sine function:

f
P

h

P

(t)

eriod

(t)

eriod

a+bsinct

2n
C

1-46 sin(E
6

|§>cu|r-l

Y ola

g

12 hours

(5B*)

tj +1-56

Partial credit: (2 marks)

Any relevant first step, e.g. writes down
correct formula for the period of a trig
function or general equation of a sine
function with notation.

Some correct use of 2 or g e.g. 2w+ X

T T
or X+ —, X# 21w or —.
6 6

*

Deduct 1 mark off correct answer only for the omission of or incorrect use

of units (“*hours’) - apply only once in each section (a), (b), (c), etc. of question.

7(b) () Use the depth function, h(t), to show the expected depth of water in the marina
between midnight and the following midnight.

(10D)

h(t) = 1-46sin(%tj +1-56

Time 0:00 3:00 6:00 9:00 | 12:00 | 15:00 | 18:00 | 21:00 | 00:00
t (hours) 0 3 6 9 12 15 18 21 24
h(t) (m) 156 | 3:02 | 1.56 | 010 | 1.5 | 3.02 | 156 | 0-10 | 1.56

Scale 10D (0, 4, 6, 8, 10)
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Low partial credit: (4 marks)

Finds one or two correct depths.
[Accept incorrect answer from part (a)(i)].

Mid partial credit: (6 marks)

Finds three, four or five correct depths.

High partial credit: (8 marks)

Finds six, seven or eight correct depths.
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Question 7 (cont’d.)

7(b) (cont’d.)
(ii)  Sketch the graph of h(t) between midnight and the following midnight. (5C)

A

Depth (m)

1
11:44 ),

(=Y
~
o7
w

deolo L

0:00 3:IOO 6:I00 9:I00 12I:00 15I:00 18:00 21I:00 2420(')
Time
Scale5C (0, 2, 4, 5) Low partial credit: (2 marks) —  Plots one or two correct points.
[Accept incorrect answer from part (a)(i)].
High partial credit: (4 marks) —  Plots at least seven correct points.
—  Plots all points, but graph not sketched
or sketched incorrectly.

(iii) A large cruiser wishes to enter the marina to refuel. The boat requires a minimum water
level of 1-35 m. When it is fully fuelled, the boat requires at least 1-65 m.
Use your graph to estimate the time interval for which the cruiser can enter the marina
in order that it is not grounded on the sea-bed if refuelling takes 4-5 hours. (5C)

From graph:
Latest departure time

Earliest entry time

17:53 (+0:30)

11:44 (+0:30)

[11:44, 17:53 - 4:30]

[11:44 (+0:30), 13:23 (+0:30)]

= Time interval
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Question 7 (cont’d.)

7(b) (iii)  (cont’d.)
**  Accept answers based on students’ graph in part (b)(ii) if not oversimplified.

Scale5C (0, 2, 4, 5) Low partial credit: (2 marks)

Any relevant first step, e.g. indicates
clearly depths of 1-35 m and/or 1-65 m on
the graph with corresponding intercepts
and times, but no values given.

- Identifies correct latest departure time

or earliest entry time, i.e. 11:44 or 17:53.

High partial credit: (4 marks) Identifies correct latest departure time and

earliest entry time from graph, but fails

to find or finds incorrect time interval.

—  Finds correct answer for time interval,
but no work shown on graph.

—  Final answer outside of tolerance, but

work shown on student’s graph.

7(c) (i) Find the rate at which the depth of the water in the marina is changing at 8:00 a.m.,

correct to two decimal places. Explain your answer in the context of the question. (10D*)
(1] Rate at which the depth of the water is changing
h(t) = 1.46 sin(%tj +1.56
h'(t) = 9q.465in[ Et] + 1.56)
dt 6
T T
= 1-46)(—)cos| —t
(1-46)( 6) ( 5 )
@t=8
= h'(® = @ae)(Syoost
6 6
73n 4r
= ——C0S—
300 3
. Br(1
300\ 2
600
= —0-382227...
= —0-38 m/hr
(2] Explanation
Answer - the tide is going out and the water level is dropping
by 0-38 m per hour
Scale 10D* (0, 4, 6, 8, 10) | Low partial credit: (4 marks) —  Any relevant first step, e.g. some correct

effort at differentiation.

Mid partial credit: (6 marks) Finds h'(t) = (1-46)("%) cos(ﬁt) but
6 6 )

fails to evaluate or evaluates incorrectly.

High partial credit: (8 marks) —  Finds h'(8) =-0-382227... or —0-38, but
fails to contextualise answer properly.

* Deduct 1 mark off correct answer only @ if final answer is not rounded or
incorrectly rounded or @ for the omission of or incorrect use of units (‘m/hr’)
- apply only once to each section (a), (b), (c), etc. of question.
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7(c) (cont’d.)

(ii)  Hence, find the other times at which the depth of the water is changing at the same rate. (5D)
, T T .
h'(t) = (1-46)(5) cos(gt) ... answer from part (c)(i)
600
= @46 Eycos| K| = _DF
6 6 600
5 :
=  cos|—t = -
6 2
y
Reference angle, ¢ = cos‘ll ﬂm X
2
_ =z \ean | cos/
3
©) = T = n-L ... 2nd quadrant
6 3
.
3
= t = 4 or 4:00 or 04:00 or 4:00 am
@ = T = n+ ... 3rd quadrant
6 3
= M
3
= t = 8 or 8:00 or 08:00 or 8:00 am
(©) = T = 2n + 21
6 3
- &
3
= t = 16 or 16:00 or 4:00 pm
(&) = I = an +2n
6 3
. o
3
= t = 20 or 20:00 or 8:00 pm
= Other times = 04:00, 16:00, 20:00 (or equivalent)

Scale5D (0, 2, 3, 4, 5)
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**  Accept students’ answers for h'(t) from part (c)(i) if not oversimplified.

Low partial credit: (2 marks) -

Any relevant first step, e.g. writes down

20:00 as answer (taken from graph).

Finds (1-46)(%) cos| Tt | = - &
6 6 600

and stops or fails to progress.

Mid partial credit: (3 marks)

Finds correct reference angle.

High partial credit: (4 marks)

Finds two correct values of t
(excluding 08:00).
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Question 8 (50 marks)

8(a) A recent flood damaged a warehouse that contained 3000 computers. An insurance assessor,
trying to estimate the damage, takes a random sample of 140 computers and finds that 34
of them are damaged.

0) Create a 95% confidence interval for the proportion of computers that are damaged. (10D)

Confidence interval for a population proportion, p, is

. [pa=p) .. [Ba-p)
{H\/T' p”\/T}

34

140

population proportion observed
34

140

= 17 or 0-242857...
70

o 5 X
1

At 95% confidence interval
z-value = 1-96

= 95% confidence interval for this population proportion (p)

1
‘w
[

[0-2428... - 0-0710..., 0-2428... + 0-0710...]
[0-1718..., 0-3138...]
= [0-1718, 0-3138]
i.e. can be 95% confident that the proportion of computers damaged
lies in the range 17-18% < p < 31-38%

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
correct formula for confidence interval, i.e.

p+z @gﬁil-% /@,

and stops.
—  Finds correct value for observed population

proportion (P) and stops or fails to progress.
—  Mention of 5% level of significance and
therefore comparing to z-value of +£1-96.

Mid partial credit: (6 marks) Finds correct value for p and some
correct substitution into 95% confidence

interval for population proportion.

Correct substitution into 95% confidence
interval, but fails to finish or finishes

High partial credit: (8 marks)

incorrectly.
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Question 8 (cont’d.)

8(a) (cont’d.)

(i) Find the 95% confidence interval for the number of computers that are damaged. (5C)

95% confidence interval for this population proportion, p, is
= [17-18,- 31-38] ... answer from part (a)(i)

= 95% confidence interval for the number of computers damaged (x)

3,000( 1718} 3 0gof 3138
100 100

[515-4, 941-4]

[516, 942]

i.e. can be 95% confident that the number of computers damaged
lies in the range 516 < x < 942

n n

**  Accept students’ answers for confidence interval from part (a)(i)
if not oversimplified.

Scale5C (0, 2,4, 5) Low partial credit: (2 marks) —  Any relevant first step, e.g. formulates
correct confidence interval with some

correct substitution.

High partial credit: (4 marks) —  Finds one endpoint of interval only

[ans. 516 or 942].

The assessor wishes to halve the margin of error in part (i) above.
Assuming that the proportion of computers that are damaged remains unchanged,
how many computers should he include in the random sample?

(iii)
(5C)

N = number in new sample
n = number in old sample (140)
Margin of error in new sample
L [Ba=9)
N
P remains unchanged
. |PA-p) = 1, |pd-p)
N 2 n
. L - L Lj
IN 2{\n
1 1 1 ]
= _— = )
IN 2{ 140
1 1/ 1
= —_ = —_ —
N 4(140)
= N = 4(140)
= 560

Scale5C (0, 2, 4, 5)
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Low partial credit: (2 marks)

Any relevant first step, e.g. writes down
correct formula for margin of error, i.e.
zd% or 1-961/@ and stops.

High partial credit: (4 marks)

- Finds i = E(LJ with correct

IN 2(in
substitution into equation, but fails
to finish or finishes incorrectly.
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Question 8 (cont’d.)

8(b) Lactate dehydrogenase (LDH) is an enzyme found in nearly all living cells. Measuring LDH levels
can be helpful in monitoring the effectiveness of certain medical treatments. For a particular
group of patients in a research study, the distribution of LDH levels was hormal with a mean
of 210 and a standard deviation of 15.

0) Find the proportion of patients in the study with LDH levels of between 200 and 240. (10D)
z = Xzu
o
u = 210
o = 15
= _ 200 - 210
200 15
= —0-666666...
= -0-67
- _ 240 - 210
240 15
= 2

= P(200 <x < 240) P(-0-67<z<2)
P(z<2)-P(z<-0-67)

P(z<2)-(1-P(z<0-67)

0-9772 — (1 -0-7486) ... from z-tables
0-9772-0-2514
0-7258

Scale 10D (0, 4, 6, 8, 10) Low partial credit: (4 marks)

Any relevant first step, e.g. writes down
correct relevant formula for z-value with
some correct substitution.

—  Finds correct value for either z,y Or 7,49
and stops or fails to progress.

Finds one z-value and related z-score, i.e.
P(z<2)=0-9772 or P(z< 0-67) = 0-7486,
and stops or fails to progress.

—  Finds correct P(-0-67 < z < 2) and stops
or fails to progress (no z-scores found).

Mid partial credit: (6 marks)

Finds both z-values and z-scores, but fails
to manipulate P(z <—0-67) correctly.

—  FindscorrectP(z<2)- (1 -P(z<0-67)),
but fails to finish or finishes incorrectly,
e.g. fails to find or finds incorrect z-values.

High partial credit: (8 marks)

(i)  Reduced levels of LDH usually indicate that the medical treatments are working.

Find the lower quartile of LDH levels for patients in this research group. (5C)
= P(z<k) = 0-25
= z = —-0-675 ... from z-tables
z = X=n
o
u = 210
o = 15
—  -0-675 = x-2W
15
= x-210 = —0-675(15)
= -10-125
= X = 210-10-125
= 199-875
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8(b) (ii) (cont’d.)

Scale 5C (0, 2, 4, 5)

**  Accept students’ answers based on z-values of —0-67 [ans. 199-95]

or —0-68 [ans. 199-8]

Low partial credit: (2 marks) -

Any relevant first step, e.g. sketches
graph of normal distribution with lower
quartile or 25% indicated.

x—210 .
and stops or fails

to progress (no z-score found).

Findsz =

High partial credit: (4 marks)

Finds P(z <k) =-0-675 (or —0-67/-0-68)
with correct substitution into formula for

X=210 it fails

z-value, i.e. —0-675 =

to finish or finishes incorrectly.

(iii)  One month later, 100 of these patients were randomly selected and underwent further
testing. It was found that their LDH levels were normally distributed with a mean of 208
and the same standard deviation.
Using the sample mean, find a 95% confidence interval for the mean LDH level
in this group of patients.

=

Scale 5C (0, 2, 4, 5)

2018.1L.17/20_MS 71/80

(5C)

95% confidence interval for the mean LDH level in the group of patients retested (u)

X = 208
o = 15
n = 100

95% confidence interval

{208 - 1-96[

{i— 1.96-Z x+1.96-L

Foro]

15 15
—mj, 208 + 1-96[—\/@}}
[208 - 1:96(1-5), 208 + 1-96(1-5)]

[208 —2.94, 208 +2:94]
[205-06, 210-94]

i.e. 95% confidence that the mean LDH level in this group of patients

lies in the range 205-06 < u < 210-94

Low partial credit: (2 marks) -

Any relevant first step, e.g. writes down
correct formula for confidence interval,

ie Xt - orx = 1-961, and stops.
Jn Jn

Some correct substitution (X, o or n) into
95% confidence interval (not stated)
and stops or fails to progress.

High partial credit: (4 marks) -

Correct substitution into 95% confidence
interval, but fails to finish or finishes
incorrectly.

Page 71 of 79

exams




Question 8 (cont’d.)

2018 LC Maths[HL] — Paper 2

8(b) (cont’d.)

(iv)  Test the hypothesis, at the 5% level of significance, that the mean LDH level has not
changed in this period of time.
State clearly the null hypothesis and the alternative hypothesis.

Give your conclusion in the context of the question. (5C)
(1] Hy:u =210 - mean has not changed in the last month
Hy:u#210 - mean has changed in the last month
(2] 95% confidence interval for the mean LDH level in the group of patients retested (u)

Scale5C (0, 2, 4, 5)
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= [205-06, 210-94] ... answer from part (b)(iii)

Conclusion

as 210 is inside the interval for the mean LDH level for the population group within
the research study, 205-06 < u < 210-94, we fail to reject the null hypothesis (H),
i.e. conclude that the mean LDH level has not changed in that time period

**  Accept students’ answers for confidence interval from part (b)(iii)
if not oversimplified.

Low partial credit: (2 marks) —  Any relevant first step, e.g. writes down
correct null hypothesis and/or alternative
hypothesis only.

High partial credit: (4 marks) —  States both hypotheses correctly and

compares population mean (u) to the
confidence interval from part (iii) but:
- fails to accept or reject hypothesis,

- fails to contextualise answer properly.
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8(b) (cont’d.)

(v)  Find the p-value of the test you performed in part (iv) above and explain what this value

represents in the context of the question.

(1]
=
=
=
(2]

Scale5D (0, 2, 3, 4, 5)
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p-value

z

S5 QT® x|

P(z <-1-33)

p-value

Explanation

n

VoI

(5D)

- u
g
Jn

208

210

15
100

208 — 210
15

V100
-2
15
~1.333333...
~1.33

1-P(z<1-33)
1-0-9082 ... from z-tables
0-0918

2 x0-0918
0-1836
0-05

Any 1:

the p-value is the probability that the test statistic or

a more extreme value could occur if the null hypothesis
is true //

if the mean LDH level of the population group is 210,
then the probability that the mean LDH level of the
sample retested would be 208 by chance is 18-36%

- it is because this has more than a 5% chance that

we do not reject the null hypothesis

Low partial credit: (2 marks)

Any relevant first step, e.g. writes down
correct relevant formula for z-value

and stops.

—  Some correct substitution (X, u, o or n)
into formula for z-value (not stated)

and stops or fails to progress.

Mid partial credit: (3 marks)

Finds P(z < 1-33) = 0-9082, but fails

to manipulate P(z < —1-33) correctly.

—  FindsP(z<-1-33)=1-P(z<1-33), but
fails to find or finds incorrect z-value.

High partial credit: (4 marks)

Finds correct p-value, but fails to
contextualise answer properly.
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Question 9 (50 marks)
Three points, A, B and C, are on a horizontal roadway
such that |AB|=35mand |BC| =70 m. A vertical
mobile phone mast [ DT ] has its base, D, at the same
level as the roadway. The angles of elevation from
A, B and C to the top of the tower, T, are such that
tan| LTAD| = i tan| £TBD| = 1 andtan| L TCD| = i
20 5 13
9a) (i) Let h be the height of the mobile phone mast, | DT |.
Express |DA|, |DB|and | DC|, in terms of h. (10D)

Scale 10D (0, 4, 6, 8, 10)
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Using trigonometry

Consider AADT
tan| L TAD| = IDT]
| DA
3 .
= — (given
20 (given)
|DT| = h
_h - 3
| DA| 20
3
Consider ABDT
tan| ZTBD| = IDT|
|DB|
1.
= = (given
: (given)
_h -1
|DB| 5
|DB| = 5h
Consider ACDT
tan| L TCD | = IDT]
|DC|
3 .
= — (given
13 (given)
_h - 3
|DC| 13
3

Low partial credit: (4 marks) -

Any relevant first step, e.g. draws or
indicates on diagram AADT, ABDT or
ACDT with correct lengths of sides shown
[i.e. opposite (h) and relevant angle].
Some correct substitution into correct
. . h
trig ratio (tan), e.g. tan| L TAD | = —,
g (tan), e.q. tan| | DA
and stops or fails to progress.

Mid partial credit: (6 marks) -

Finds one distance correct in terms of h.

High partial credit: (8 marks) -

Finds two distances correct in terms of h.

Page 74 of 79

exams



Question 9 (cont’d.)

2018 LC Maths[HL] — Paper 2

9(a) (cont’d.)

(i)  Use the cosine rule to find cos| ZABD | in the form

Scale 10D (0, 4, 6, 8, 10)

2018.1 L.17/20_MS 75/80

_h2
,Where a, b e N, (10D)
Using cosine rule
Consider AABD
a? = b2+ ¢? - 2bccos A
|DAJ? = |AB|? + | DB [~ 2| AB|.| DB |cos| ZABD|
|DA| = Z%h ... answer from part (a)(i)
|AB| = 35 (given)
|DB| = 5h ... answer from part (a)(i)
(%h)2 = (35)? + (5h)? - 2(35)(5h) cos | ZABD |
2
4ogh = 1,225 + 25h? — 350hcos| ZABD |
2
350hcos| LABD| = 1,225+ 25h%— @
2
_ 1,225 - 175h

11,025 — 175h?
11,025 — 175h?
3150h
63 — h?
18h

3,150hcos | ZABD |
cos| ZABD |

**  Accept students’ answers for | DA| and | DB | from part (a)(i)
if not oversimplified.

Low partial credit: (4 marks)

Any relevant first step, e.g. draws or
indicates on diagram AABD with correct
lengths of sides shown [i.e. sides a, b, ¢
and relevant angle].

—  Some correct substitution into cosine rule
and stops or fails to progress.

Mid partial credit: (6 marks)

Fully correct substitution into cosine rule
and stops or fails to progress.

High partial credit: (8 marks)

Fully correct substitution into cosine rule
with substantive work towards isolating
cos| ZABD |, but fails to finish or finishes
incorrectly.

- Isolates cos| £ABD | correctly, but fails

to give final answer in required form.
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Question 9 (cont’d.)
9(a) (cont’d.)
2
iii)  Similarly, show that cos| ~ DBC | = =22+ 2"" (5D)
225h
Using cosine rule
Consider ADBC
a’ = b? + ¢® - 2bc cos A
= |DCP = |BC[*+|DB|*~2|BC|.|DB|cos| £DBC]|
|DC| = % ... answer from part (a)(i)
|BC| = 70 (given)
|DB| = 5h ... answer from part (a)(i)
= (%)2 = (70)? + (5h)? — 2(70)(5h) cos | ZDBC|
2
= 16? = 4,900 + 25h® — 700hcos | ZDBC|
2
—  700hcos|/DBC| = 4,900+ 25h2 — 189N
2
= 4,900 + 56
=  6,300hcos| «DBC| = 44,100 + 56h?
2
= cos|«DBC| = M
6,300h
_ 1,575 + 2h?
225h

2018.1 L.17/20_MS 76/80

**

if not oversimplified.

Accept students’ answers for | DC | and | DB | from part (a)(i)

Scale5D (0, 2, 3, 4, 5)

Low partial credit: (2 marks)

Any relevant first step, e.g. draws or
indicates on diagram ADBC with correct
lengths of sides shown [i.e. sides a, b, ¢
and relevant angle].

—  Some correct substitution into cosine rule
and stops or fails to progress.

Mid partial credit: (3 marks)

Fully correct substitution into cosine rule
and stops or fails to progress.

High partial credit: (4 marks)

Fully correct substitution into cosine rule
with substantive work towards isolating
cos| £DBC|, but fails to finish or finishes
incorrectly.

- Isolates cos| £ DBC| correctly, but fails
to give final answer in required form.
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Question 9 (cont’d.)

9(a) (cont’d.)
(iv)  Show that cos (180° — 0) = —cos 6. (5C)

cos(A-B) cosAcosB +sinAsinB

= cos (180° - 0) €0s180° cos6 + sin180°sind
cos180° = -1
sin180° = 0
= cos (180° - 6) = (-1) cosO + (0)sind
= —cos6
Scale5C (0, 2,4, 5) Low partial credit: (2 marks) —  Any relevant first step, e.g. writes down

correct expansion of cos (A — B) with
some correct substitution (A or B).

High partial credit: (4 marks) Expands cos (180° — ) correctly and
identifies cos180° = -1 and sin180° = 0,

but fails to finish or finishes incorrectly.

(v)  Hence, or otherwise, find the value of h. (10D*)
| £ABD|+|«DBC| = 180° ... as ABC is a straight line
=  |ZABD| = 180° — | .DBC|
= cos| LABD | = cos (180° — | «DBC))
cos (180° - 6) = —cosf ... from part (a)(iv)
= cos| ZABD | = —cos| £DBC|
63— h? 1,575 + 2h? ..
= = - ... from parts (a)(ii) and (a)(iii
1ah 22Eh parts (a)(ii) and (a)(iii)
=  225(63-h? = —18(1,575 + 2h?)
= 14,175 - 225h? = —28,350 — 36h?
—  225h®-36h? = 14,175 + 28,350
—  189h° = 42,525
2 42,525
= h = i
189
= 225
= h = V225
= 15m
**  Accept students’” answers for cos| LABD | from part (a)(ii) if not oversimplified.
Scale 10D* (0, 4, 6, 8, 10) | Low partial credit: (4 marks) — Any relevant first step, e.g. writes down

| ZABD| + | «DBC| = 180° or similar.
63 —h? 1575+ 2h2
18h 225h
sign) and stops or fails to progress.
63 —h? _ 1575+ 2h?
18h 225h
sign) and stops or fails to progress.
63 — h? _ 1575+ 2h?
18h 225h

substantive work towards isolating h,
but fails to finish or finishes incorrectly.

- Finds

(incorrect

Mid partial credit: (6 marks)

Equates (correct

High partial credit: (8 marks)

Equates with

*  Deduct 1 mark off correct answer only for the omission of or incorrect use
of units (*‘m’) - apply only once in each section (a), (b), (c), etc. of question.

2018.1 L.17/20_MS 77/80 Page 77 of 79 Des



2018 LC Maths[HL] — Paper 2

Question 9 (cont’d.)

9(b) Using your answer to part (a)(v), or otherwise, find the shortest distance from the foot

of the tower, D, to the roadway ABC. (10D*)
|DB| = 5h ... answer from part (a)(i)
h = 15 ... answer from part (a)(v)
= |DB| = 5(15)
= 75m AT
Let | DE| = shortest distance (L distance) from D to AC \
cos| £DBE| = cos|«DBC| - . \
_ 1575 + 2h? =
225h
... given in part (a)(iii) c
2
= cos| «DBE| = M
225(15)
_ 1,575 + 450
3,375
_ 2,025
3,375
_ 3 D
5
=  sin|ZDBE| = g S/ |4
sin| . DBE| - IDE| B 3 F
|DB|
_ |DE|
75
| DE| _ 4
:> —_— = —
75 5
5
B ]
5
= 60 m
**  Accept students’ answers for | DB | and h from parts (a)(i) and (a)(v)
if not oversimplified.
Scale 10D* (0, 4, 6, 8, 10) | Low partial credit: (4 marks) —  Any relevant first step, e.g. writes down

shortest distance = L distance from D
to ABC or similar.
—  Finds correct value of | DB| [ans. 75].

- Some correct substitution of h value into

2
cos|«£DBE| = —1’575 +2h
225h

or fails to progress.

and stops

Mid partial credit: (6 marks) —  Substitutes correctly into cos| ZDBE |
2
= M and finds cos| «DBE | = 3
225h 5
and stops or fails to progress.

High partial credit: (8 marks) _  Finds sin| ZDBE| = 4 or |DE|] but fails
57 75

to finish or finishes incorrectly.

* Deduct 1 mark off correct answer only for the omission of or incorrect use
of units (*‘m’) - apply only once in each section (a), (b), (c), etc. of question.
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