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Appendix: Trigonometric Formulae
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24,

COS?A + sintA =1

: a b c
sine formula: SnA = SnBE = m

cosine formula: a2 = b? + c2- 2 be cos A

- ©0s (A-B)=cos Acos B +sin Asin B

cos (A+B)=cos Acos B-sin Asin 8
€Os 2A = cos? A - sinA

sin (A+B) = sin Acos B + cos Asin B

- SIn (A-B) =sin Acos B-cos Asin B8

tan A+tan B

- tan (A+8)= 7o Lo

tan (A-8) = tan A-tan 8

1+tan Atan B
sin 2A= 2 sin Acos A
2tan A
sin2A= T A
l1-tan? A
o8 A A
2tan A
N A T e 4
cos?A= ¥ (1 + cos 24)
Sin?A= % (1 - cos 24)
2msAcosB=cos(A+B)+cos(A—B)
2'sin A cos B = sin (A+B) + sin (A-B)
2sin Asin B = cos (A-B) - cos (A+B)
2.cos Assin B =sin (A+8) - sin (A-B)
cos A+ cos B= 2 cos A;B cos %
cos A~ cos B=- 2 sin A;B sin =8
2
. A+B A-B
sin A+ sin B = 2 sin ~5 cos 2
sin A-sin B=2 cos A;Bsin 'A;‘B
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It will be assumed that these formulae are established in
the order listed here. In deriving any formula, use may be
made of formulae that precede it.
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Formal Proofs of Trigonometric Formulae Re uired for L.C Higher Level

1. cos%@ + sin?6=1

We have already established that any point on
the unit circle is defined by the coordinates

(cos 6, sin 6). P (cosb, sin6)
In the given diagram |OP| = 1 ary
= [|OFf=1 of cosd T \

= (cos6—0)2+ (sin 6 — 0)2 =
= Jeos?§+sin? 6 =1
= cos? 6 +sin? 6 = 1 ... (squaring both sides) *

a b _ ¢
sinA  sinB  sinC

2. Sine Formula:

Proof
Construct a perpendicular 4 from C to [AB].

@) %=sinA = h=bsinA
ii h-snB = h=asinB
(i) &

= asinB=bsinA

Divide both sides by sin A sin B

asinB __ _bsinA

sinAsinB sinAsinB
B

sinA sinB

5 s § b _ ¢
Similarly it may be shown that s R
. ul a b & sindA _sinB _sinC
BT snA snB smC & 4 b c




3. Cosine Formula: a?=b?*+ ¢% — 2bc cosA

*Proof C

In the AABC, CD is perpendicular to AB.

Let|CD| = h and |AD| = x b s Y
Thus [DB|=c—x

We now apply the Theorem of Pythagoras to the A =
triangles ACD and CDB. = = NETR

InAACD: W +x2=b = h=bp—-x*

InABCD: R+ (c—x)?=a> = h*=a*—(c—x)?
Equating the two values for 7% we get

- (c—xP=b-x
d—(E-2ex+x)=b-x°
@-+2x—x2=b-x°

a?=Db?+ ¢ — 2cx But§=cosA
a? = b+ 2 —2c(bcosA) = x=bcosA
= a*=b*+c*—2bccos A
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Similarly is may be proved that
p*=c*+a* —2cacosB and 2 =a?+ b?—2abcos C

4. Cos (A —B) = cosAcosB + sinAsinB

Let the radii [OP] and [OQ] make angles A and B P (cosA, sinA)
with the positive x-axis.
|£POQ| =A - B 1 1
X

We now find |PQ| using two different methods:
1. the standard formula for the distance between two points
2. the cosine rule.

1. Using the formula {(x; — x,)? + (y; — y1)?, we have:
[PQI? = (cos A — cos B)? + (sin A — sin B)?
= cos? A — 2 cos A cos B + cos? B + sin? A — 2 sin A sin B + sin? B
Butsin? A + cos? A = 1andsin? B + cos* B = 1.
= |PQ2=1-2cosAcosB+1—2sinAsinB
=2 —2(cos Acos B +sinAsinB)...®
2. Now using the cosine rule to find [PQ|, we have:

[PQJ? = |OP? + |0QI? - 2|OP| |OQ] cos(4 — B)
=1+1-2(1)(1)cos(A — B) ... CP = CC =1 = radius
=2-2cos(A-B)..®@

Equating the two values for |PQ|2, we have
2—-2(cosAcosB +sinAsinB) =2 —2cos (A — B)
= —(cos A cos B + sin A sin B) = —cos(A — B)
#*= coS(A—-B)=cosAcosB+sinAsinB...... (i)




5. Cos (A + B) = cosAcosB — sinAsinB

To derive the formula for cos(4 + B), we replace B with (—B) in formula (i) on the previous page:
cos(A — B) = cos A cos B + sin A sin B
= cos[A — (—B)] = cos A cos (—B) + sin A sin (—B)
= cos A cos B + sin A (—sin B)
#*= cos(A+B)=cosAcosB—sinAsinB...... (i)

6. Cos2A =cos?A — sin*A

cos 2A = cos(A + A) =cos A cos A — sin A sin A = cos? A — sin? A

7. Sin (A + B) =sinAcosB + cosAsinB

cos(A — B) = cos A cos B + sin A sin B ... from (i)
To derive the formula for sin(4 + B), we replace A with (90° — A).
= cos(A — B) = cos[(90° — A) — B] = cos (90° — A) cos B + sin (90° — A) sin B
= sin A cos B + cos A sin B
= cos[90° — (A + B)] = sin A cos B + cos A sin B
*= sin(A+B)=sinAcosB+cosAsnB...... (iii) -§:gos(—8) = cos B
§ sin(~B) = ~sin B
17sin(90° — A) =cos 4
J cos(90° — A) = sin A
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Substituting (—2B3) for B in formula (iii), we get
sin(A — B) = sin A cos(—B) + cos A sin(—B)
*= sin(A—B)=sinAcosB—cosAsinB...... (iv)

g

tanA+tanB

B Tan(A+ B)= 1 am tans

Sin(A + B) _ sin A cos B + cos A sin B
cos(A + B) cosAcos B —sin A sin B

We now divide each term in the numerator and denominator by cos A cos B.

tan(A + B) =

sind , sinB
cosA  cos B

tan(4 + B) = 1 sinA _sin B
cos A cos B
*> tan(A + B) = T‘PLA—*M ...... )

—tan A tan B



